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PEEFACE 



So NTIMEBOTTS are the purposes to which Mensuration is 
applied, that it would be almost impossible to exag- 
gerate its importance. 

To many boys also, whose time for instruction is 
likely to be limited, or who, perhaps, would find 
Euclid too diflficult for them, it is believed that Men- 
suration would form an excellent substitute. 

But, important as Mensuration doubtless is, still, 
in the opinion of many Masters, the works that have 
recently appeared on this subject are too long to be 
used as ordinary School Books. Acting on this im- 
pression, the Author has endeavoured to supply a work 
on Mensuration which a boy of ordinary ability could 
hope to get through within a reasonable time. 

The Questions, which number about 700, are, for the 
most part, original ; but, by the kind permission of the 
Oxford Delegates for Conducting the Local Examina- 
tions, nearly all the questions that have appeared in 
their Examination Papers have been embodied in the 
present Work. 

This feature of the Work will doubtless prove most 
useful, as it will show candidates for these Examinations 
what is the style of question that they may expect — 
those that have appeared in the Junior Examination 
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Papers being marked by a single asterisk (*), whilst 
those that have been set to the Senior Candidates have 
prefixed to them a double asterisk (**). 

Whilst framing the Questions with the express in- 
tention of impressing the dififerent rules upon the 
Student's mind, care has been taken to avoid wearying 
him with long and tedious Arithmetical calculations. 

But before commencing Mensuration, it is desirable 
that the Pupil should be well grounded in his Arith- 
metic, so that his onward course may not be impeded 
by his ignorance of any particular rule that he may 
require. 

The explanations have been made as clear and as 
simple as possible, and will be sufficient, it is hoped, 
to enable the Pupil to work nearly all the Questions 
without much help from his Master. 

Of course, in a work of this kind, containing so many 
questions, there will necessarily be some mistakes, but 
it is hoped that they will be found very few indeed, as 
the greatest care has been taken to make it as correct 
as possible. 

Any corrections, however, or suggestions for it« im- 
provement, will be most thankfully received by the 
Author. 

A. HlLBT, 

Thobp-abch School, Yobxshibb: 
June 20, 1871. 
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DEFINITIONS. 

L Mensuration enables us to find the lengtli of lines, 
the area of surfaces, and the yolume of solids. 

n. A point in Geometry is considered as having neither 
length, nor breadth, nor thickness. 

in. A line has length, but is considered as having 
neither breadth nor thickness* 

rV. Lines may be either straight, curved, or parallel. 

V. A straight line, such as ab, Ues evenly between its 

extreme points A and b ; or _^___ ^ 

it may be defined to be, the 

shortest distance between its extremities. 

VI. A curved line, as acb, is one that is continually 
changing its direction ; or is G 

a line in which no part of it 
is straight. ^ 

VII. Parallel lines are those which always remain the 

same distance from each 

^ , g 

other, however iSstr they may 

be produced. 

VIII. A superficies or sur&ce has length and breadth 
only ; and it is called a pZane superficies if it is perfectly 
even or level — such as the top of a table, or a well-laid 
floor. There are surfe^es which are not even or level, such 
as the curved surface of a globe. 

B 
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The word plane in this definition, and in all other cases 
where it occurs in this book, means simply even or level. 

IX. A superficies or surface may be contained within 
one cv/rved line, as in the case of a circle ; but it cannot be 
contained within fewer than three straight Unes. 

X. A plane rectilineal angle is the iuclination of two 
straight lines to one another which 
meet together, but are not in the 
same straight line. 

Thus the two straight lines CA 
and BA, meeting together at the 
point A, make the angle bag, or, as it maybe called simply, 

the angle at A. 

If an angle is expressed by three letters, as bag or gab, 
the letter A, which stands at the angular point, is always 

the middle letter. 

Also it is important to remember that the magnitude of 
an angle depends not upon the length of the sides ab, ac, 
but upon the extent or opevmig between the lines. 

XI. When a straight line standing upon another straight 
line makes the adjacent angles equal to one another, each 
of them is called a right ^ 

angle; and the straight 
line standing upon the 
other is called a perpendi- 
cular to it. 

Thus if AB, standing 
upon CD, make the angle C ^ - 

ABD equal to the angle abg, 

then each of the angles abg or abd is a right angle ; and 
also the line ab is perpendicular to gd. 

A right angle contains 90°. 

XII. An obtuse angle is b a 
greater than a right angle. 

Thus the angle dbb is an 
obtuse angle, being greater 
\n the right angle DBA. 
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XIII. An acute aoigle is an 
angle that is less tlian a right 
angle. 

Thus DBE is an acute angle, 
being less than the right angle 

DBA. 



XrV. A triangle is a plane figure con- 
tained by three straight lines. 



XV. An equilateral triangle has three 
equal sides. The angles also of an equi- 
lateral triangle are all equal. 



E 
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XVI. An isosceles triangle has two equal 
sides. 

XVII. A scalene triangle has three 
unequal sides. 




XVin. A right-angled triangle is one that contains a 
right angle. , A 

Thus ABC is a right-angled triangle, 
having the right angle abo. 

AC is called the hypothenuse ; ab, 
the perpendicular ; BC, the base. 

ab and bc are sometiines called the 
sid^ of a right-angled triangle. 

XIX. An obtuse-angled 
triangle is one that con- 
tains an obtuse angle. 
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DEFINITIONS. 




XX. An acnte-angled triangle is one 
which has three acute angles. 



XXI. A quadrilateral is a plane figure bounded by four 
straight lines ; and when its opposite sides are equal and 
parallel, it is called a parallelogram. 



XXII. A square is a four-sided figure 
having all its sides equal, and all its 
angles right angles. 



XXI 11. A rectangle, oblong, or rectangular 
gram is a four-sided 
figure having its oppo- 
site sides equal and 
parallel, and all its 
angles right angles. 




The length of a rectangle exceeds its breadth* 



XXIV. A rhombus is a four-sided 
figure having all its sides equal, but 
its angles are not right angles. 




XXV. A rhomboid is a four- 
sided figure having its opposite 
sides equal and parallel, but its 
angles are not right angles. 



XXVT. A trapezium is a four-sided 
figure having no parallel sides. 




DEFINITIONS. 



XXVn. A trapezoid is a four- 
sided figure having only two of 
its sides parallel. 



XXVIII. A polygon is a figure contained by three or 
more sides, though it is generally the name given to a 
figure bounded by more Hhsasifour straight lines. 

The following are the names of the different polygons : — 



The Pentagon has 5 sides 

Hexagon „ 6 

Heptagon „ 7 

Octagon „ 8 
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The Nonagon has 9 sides 
Decagon „ 10 
Un decagon „ 11 
Dodecagon „ 12 



99 



99 



99 



99 



If all the sides of a polygon are equal, and all its angles 
equal, then it is called a regular polygon ; but if the sides 
are unequal, and also the angles unequal, then it is an 
irregular polygon. 

XXIX. A circle is a plane figure 
contarued by one line, called the 
circumference, and is such that 
all the straight lines drawn from 
a certain point within it to the 
circumference are equal to one 
another. 

This point (c) is called the 
centre of the circle. 

XXX. A radius is a straight line, as CA, CD, or cb, 
drawn from the centre c to the circumference. 

XXXI. A diameter is a straight line (ab) passing 
through the centre and terminated both ways by the 
circumference. 

XXXn. A semicircle is half a circle, or is the figure 
contained by a diameter and part of the circumference 
(adb) cut off by the diameter, as adb. 

XXXin. A quadrant is the fourth part of a circle, 
as BCD or DC A. 
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XXXIV. The circumference of any circle is divided 
into 360 parts, called degrees. 

XXXV. An arc is any part of the drcnmference, as be d. 

XXXVI. The chord of an arc is a straight line which 
joins the ends of an arc. Thus bd is a chord joining 
B and D, the extremities of the arc bed. 

Thus the straight line bd is the chord of the arc bed. 



XXXVII. A segment of a circle 
is any part of a circle bounded 
by a chord and the arc which it 
cuts off. 




XXXVni. A sector of a circle 
is any part of a circle bounded by 
two radii and the arc between them. 




TABLES. 



Lineal Measure. 
12 inches = 1 foot. 
3 feet = 1 yard, 
oj yards » 1 pole. 
40 poles or 220 yards » 1 fur. 
8 furlongs or 1,760 yds. = 1 mile. 

Also 7|f inches = 1 link. 
100 links or 22 yds. « 1 chain. 
80 chains « 1 mile. 



Square Measoxe. 
144 sq. inches «» 1 sq. foot 
9 sq. feet = 1 sq. yard. 
30^ sq. yards » 1 sq. pole. 
40 sq. poles = 1 rood. 
4 roods or 4,840 sq. yds. *» 1 acre. 

Also 625 sq. links = 1 sq. pole. 
10,000 sq. links = 1 sq. chain 

(484 sq. yds.). 
10 sq. chains or 100,000 sq. 
links B 1 acre. 




To the Student. 

[All the Examples that have an asterisk (*) prefixed to them hare 
appeared in the Papers of the Junior Candidates at the Oxford 
Local Examinations ; whilst the Questions that have been given to 
the Senior Candidates are marked with a double asterisk (**).] 



I. THE SroES OF A RIGHT-ANGLED 

TRIANGLE. 

Defvmtions, — ^A right-angled triangle is one that contains 
a right angle. yk 

AG is the hypoth&rmse. 

BO is the hose, 

AB, ihQ peii^&ndimlar. 

AB and BO, which include the 
right angle, are called the sides of 
the right-angled triangle. 

Fig. 1. 

Rules. — (1) To find the hypothermse, when the hose 
cmd the 'perpendicular are given. 

Square the base, and square the perpendicular ; 
add them together ; the square root of the sum is 
the hypothenuse. 

(2) To fimd either the hose or the perpendicular, 
when the hypothemise a/nd the other side are given. 

Square the hypothenuse, and square the side 
given; subtract the latter from the former: the 
square root of the difference is the required side. 

Or, multiply the sum of the hypothenuse and the 
side given by their difference ; the square root of the 
product is the required side. 



8 



THE SIDES OF A RIGHT-ANGLED TRIANGLE. 



Note 1. — In Euclid (1-47), it has been proved tliat if 
a square be described upon AC, the hypothenuse of a right- 
angled triangle ABC; and if squares also be described 
upon AB and bc, the other sides of the triangle ; then the 
square upon AC will be equal to the sum of the squares on 
AB and BC. The rules given above are derived from this 
proposition. 

Note 2. — The three angles of any triangle are equal to 
two right angles, or 180° ; hence, if the angle at b is a 
right angle, and the angle at c is 46°, then the angle at a 
is 45°, and therefore the sides ab and BC, opposite these 
equal angles, are equal — that is, ab:=bc. 

Note 3. — If the three angles of a triangle are all equal, 
that is, each angle equal to 60°, then all the three sides of 
the triangle will be equal to each other. 

Note 4. — If the angle at c, in a right- 
angled triangle, is 30°, then the angle 
at A will be 60°. Doubling the triangle 
on the other side of bc, we shall have 
an equiangular triangle acd, which will 
therefore have all its sides equal ; hence 
AC=CD=AD, and therefore ab=^ac. 




Fig. 2. 



\D 



A 



Note 5. — Supposing the angle at 
C, in a right-angled triangle abc, 
is 60° ; then the angle at A is 30°. 
Hence, doubling the triangle on the 
other side of ab, we have the equi- 
angular, and therefore equilateral, 
triangle acd — ^that is, ac=cd= 
AD. Therefore cb=^cd=^ac. A 
thorough understanding of these remarks wiU enable the 
^ent, without the use of Trigonometry, to find the 
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THS SIDBS OF A BIGHT-ANGLED TRIANGLE. 




Fig. 4. 



remaining sides of a right-angled triangle, when only one 
side is given, and the angle at c is either 30^, 45®, or 60®. 

Note 6. — ^When questions occur respecting the gable-end 
of a house, the following ex- 
planation of terms must be a 
borne in mind, 

CD or EF is the breadth of 
the house, or width, or span of c 
the gable. 

G and D, the points of junc- 
tion of roof with the wall, are 
called the eaves. ^ 

A is the ridge or the highest 
point of the roof. 

AB is the perpendicular height of the roof. 

The whole figure acefd is called the gable-end of the 
house ; and the triangle acd is called the gable-top. 

Note 7. — The diagonal AG of a square or rectangle is the 
hypothenuse of the right-angled triangle i>. 
ABG, or of the right-angled triangle adg. 

The length and breadth of the square 
or rectangle (which in the case of the 
square are equal to each other) are the 
sides of the right-angled triangle. Fig. 5. 

Example 1. — The base of a right-angled triangle is 63, 
and its perpendicular is 16 ; find its hypothenuse. 

The square of 63 is 3,969 ; and the square of 16 is 256. 
Adding these together, we have 4,225. Then take the 
square root of 4,225, which is 65, the length of the hypo- 
thenuse. 

Example 2. — If the perpendicular is 12 ft. 9 in. and the 
hypothenuse is 15 ft. 5 in., find the length of the base. 

Reduce, in the first place, 12 ft. 9 in. and 15ft. 5 in. to 
inches, and we shall have 153 inches and 185 inches. 

B 3 
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Then the square of 185 is 34,225, and the square of 153 
is 23,409 ; and the difference between them is 10,816. 

Taking the square root of 10,816, we shall have 104 
inches, or 8 ft. 8 in. — the base. 

Example 3. — The sides AC and ad of the triangle acd are 
55 ft. and 65 ft. respectively, and the perpendicular height 
AB is 33 ft. ; find the base CD. ^ 

Now, CD=CB+BD; 

and BD=: a/ad2-ab2= v'65«-33« 
= ^^4225- 1089= V3136 = 56ft. ; 
again,CB= ^/ac«-ab2= a/552-H32 ^ 
= ^3025-1089= >v/i9g6^44 ft. ; 
then, CD=CB+BD=56ft.+44ft.=100ft. 

Example 4. — If the angle at c (see fig. 2) is 30°, and ab 
is 20 ft., find the length of the base BO. 

By Note 4. — Double the triangle on the other side of cb, 
and we have the equiangular triangle acd, which has 
therefore aU its sides equal. 

Hence ac=ad=2 x ab=2 x 20 ft.=40 ft. 
Therefore BC= v'AC^ -ab« = ^40^202=: ^1600 -400 
= ^1200^34-641 ft. 

I. AC=^/AB^ + BC^ 



f i. AC= 
A II. BC = 



Formulae^ II. bc= v'ac^— ab*= ./(ac + ab) (ac— ab) 
llll. absVac^— bo^=^(acH-bc) (ac— bc) 

Examples. 

. Find the hypothenuse of the right-angled triangle whose 
base and perpendicular are, respectively — 

(1) Perp. 36, and base 77. (2) Perp. 28, and base 45. 

(3) Perp. 19, and base 180. 

Find the hypothenuse of the right-angled triangle, when 
the perpendicular and the base are, respectively — 
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(4) Perp. 11 ft. 8 in, and base 14 ft. 3 in. 
(6) Perp. 24 ft. 9 in., and base 25 ft. 4 in. 

(6) Perp. 61*6 yds., and base 66'S yds. 

Determine the base of the right-angled triangle, when its 
hypothennse and perpendicular are, respectively — 

(7) Hyp. 60 ft., and perp. 30 ft. 

(8) Hyp. 31 ft. 5 in., and perp. 12 ft. 8 in. 

(9) Hyp. 945 yds. 1 ft., and perp. 345 yds. 1 ft. 

(10) Hyp. 22 ft. 5 in., and perp. 21 ft. 8 in. 

(11) The side of a square is 100 ft. ; find its diagonal. 

(12) The diagonal of a square is 33 ft. 4 in. ; what is the 
length of each side ? 

(13) The diagonal of a rectangle is 46 ft. 5 in., and its 
length is 44 ft. 4 in. ; find its breadth. 

(14) The length of each side of an equilateral triangle is 
120 ft. ; find the length of the perpendicular drawn from 
any angle to its opposite side. 

(15) The slant height of a cone is 7 ft. 1 in., and the 
diameter of its base 2 ft. 2 in. ; find its perpendicular 
height. 

(16) The length of a rectangular room is 27 ft. 8 in., 
and its breadth is 20 ft. 9 in. ; find the distance from one 
comer of the floor to the opposite comer across the room. 

(17) A ladder 65 ft. long reaches a window 56 ft. high 
from the ground ; find the distance of the foot of the ladder 
from the side of the house. 

(18) A ladder 53 ft. long reaches a window 45 ft. high ; 
how much nearer to the side of the house must it be moved 
that it may reach a window 48 ft. high ? 

(19) Two columns, whose heights are respectively 17 ft. 
and 50 ft., stand on the same horizontal plane, with 
their bases 56 ft. apart ; find the distance between the tops 
of these columns. 

(20) Find the cost of building a wall round a garden, in 
th'6 shape of a right-angled triangle, whose hypothenuse is 
97 yds. and base 72 yds., at 13^. 6d, per yard. 
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(21) Two persons, travelling at the rate of 6 and 8 
miles per lionr respectively, proceed in directions at right 
angles to each other ; find the distance between them at 
the end of 6 honrs. 

(22) Find the length of a beam which shall rest on two 
walls standing on the same horizontal plane, and which are 
respectively 4 fb. and 8 fb. 4 in. high, when the distance 
between them is 13 ft. 9 in. 

(23) The mast of a ship is partially broken by the wind. 
The broken part, which is 35 ft. long, though still adhering 
to the unbroken part, strikes with its top the deck at the 
distance of 28 ft. ft^m the foot of the mast ; find the en- 
tire length of the mast. 

(24) A scaffolding pole 40 ft. long, placed at the dis- 
tance of 21 ft. from the side of a house, is partially broken 
by the wind, at the height of 5 ft. from the ground, so that 
its top strikes against the wall ; find at what height from 
the ground it will strike the wall. 

(25) There are two upright pillars, in the same hori- 
zontal plane, whose heights are respectively 44 ft. and 
28 ft. A certain point is taken in that plane between the 
two pillars, and it is found that the distance of this pomt 
from the top of the higher pillar is 125 ft., and from the 
top of the shorter pillar is 53 ft, I^nd the distance be- 
tween the tops of these pillars. 

(26) A ladder 55 ft. long may be so placed in a sti*eet 
as to reach a window 44 ft. high on one side, and, on being 
turned round, without changing its position, it will reach 
another window 33 ft. high on the opposite side of the 
street ; find the breadth of the street. 

(27) A ladder 37 ft. long is so placed in a street 36 ft. 
wide tiiat it will reach a window 35 ft. high, and, upon 
being turned round, without changing its position, it will 
reach another window upon the opposite side of the street ; 
find the height of the window. 

'28) The dimensions of a rectangular room are 20 ft. 



THE SIDES OF A RIGHT-ANGLED TRUNGLE. 13 

long, 15ft. wide, and 12 ft. high; find the distance from a 
comer of the floor to the opposite comer of the ceiling 
across the room. 

(29) A foot-passenger, instead of keeping to the road, 
which runs along the two adjacent sides of a rectangular 
field, which measures 640 yds. long and 480 yds. broad, 
goes across the field from one corner to the opposite comer 
of it ; find what distance he will save by doing so. 

(30) The breadth of the gable-end of a house is 56 ft., 
the perpendicular height of the roof is 15 ft., and the dis- 
tance of the ridge from one of its eaves is 25 ft. ; find the 
distance of the ridge from the other of the eaves. 

(31) If AC, the hypothenuse of a right-angled triangle 
ABC (fig. 1), is 40 ft., and the angle at a is 45®, find the 
length of the base bg. 

(32) The angle at c, in a right-angled triangle ab c (fig. 2), 
is 30°, and the perpendicular ab is 30 ft. ; find the hypo- 
thenuse AC 

(33) BO, the base of a right-angled triangle abc (fig. 3), 
is 50 ft., and the angle at c is 60° ; find the perpendicular a b. 

(34) AC, the hypothenuse of a right-angled triangle 
ABC (fig. 3), is 80 ft., and the angle at c is 60° ; find the 
length of the base bc, and also of the perpendicular ab. 

(35) A mast, being partially broken by the wind, at the 
height of 20 ft. from its foot, its top touches the deck at an 
angle of 30°. Find the entire length of the mast. 



n. THE SQUARE. 

Dejmition. — A square is a four-sided ^ 
figure, having all its sides equal, and aJI 
its angles right angles. 

BD is the diagonal. 

The perimeter of a square is the sum B 
of all its sides, or four times the length of a side. 
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Rules. — (1) To find the area of a aqtuure^ when a aide 

18 given, 

Sqnare the side given. 

(2) To find the area of a square^ when its diagonal is 

given, 

Sqnare the diagonal, and divide by 2. 

Note 1. — To find the side of a sqnare, when its area is 
given. — Take the sqnare root of the area. 

Note 2. — To find the diagonal of a sqnare, when its area 
is given. — Take the sqnare root of the donble of its area. 

Note 3.— ^To find the nnmber of tiles or flags reqnired for 
paving a sqnare or rectangular floor or conrt. — Divide the 
area of the floor or conrt by the area of each tile or flag 
(always bearing in mind that, before dividing, we must 
have the areas in the same denomination). 

Note 4. — To find the area of a B 
walk or border, snrronnding or 
running ronnd the inside of a 
sqnare conrt or plot of land. — ^First, 
find the area of the larger sqnare 
A B c D, including both the conrt and 
the walk ; and then of the smaller 
sqnare efgh. Then, the area of ^ 
the walk or border is the diflerenoe between the areas of 
these two squares. 

N.B. — ^If E H, the length of the inner sqnare, is given, then 
AD, the length of the outer square, = (eh + 2 width of walk 
or border). If ad, the length of the outer square, is given, 
then EH, the length of the inner square, =(ad— 2 width of 
walk or border). 
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Note 5. — ^To find the side of a square hepg, whose area 
shall bear a certaiii proportion to that of a g^ven square 
ABGD. — ^We may use either of the foUowing methods 
(a or h) : — 

(a) Supposing ab, the j^ ^ 



c 



side of the square abcd, 
is given, and it is re- 
quired to find ef, the 

side of another square A' B e 

EFOH, whose area is 

double that of abcd, we may proceed thus — 

Since the square efqh is double the square ABCD, and 
the area of abcd is ab^ and that of efgh is ef^, we have 

ef2=2xab^ 

So, also, the square roots of these quantities are equal ; 
that is — 

EF= V2xab2=abV'21 

Hence the side ef will be found by multvphjmg ab, the 

side of the given square, by ^/2. 

Again: K the area of the square efoh is treble that of 
the square abcd, then the side ef will be found by multi' 

plying ab by ^/''d ; and so on. 

On the other hand, if the area of the required square is 
half that of the given square, we shall, in that case, find its 

side by dividing the side of the given square by -v/2 ; and if 
the area is one-third, then its side is found by dividing the 

side of the given square by a/3 ; and so on. 

(6) The following method will, however, be the easier, 
perhaps, for beginners : — 

If the area of the required square is double that of the 
given square, then multiply the area of the gvoen square 
by 2, and the square root of this product is the side of the 
required square. 
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If the area is three times as much, then multiply the 
area of the given square by 3 ; and the square root of this 
product will be the side of the required square. 

On the other hand, if the area is half as much, then 
divide the area of the given square by 2 ; and the square 
root of this quotient will be the side of the required square. 

The same remarks will apply to the case when the area 
is one-third, or one-fourth, &c, 

[v^'2=l-414+ ; ^3=1-732+ ; -v/4=2, &c.] 

Example l.-^If the side of a square is 3 ft. 5 in., find its 
area. 

Here 3 fb. 5 in. =41 inches ; square 41, and we shall have 
1681 sq. in., or 11 sq. fl. 97 sq. in., as the area of the square. 

JExample 2. — How many square tiles, each 4^ inches 
long, will be required for paving a square court which is 
13 ft. 6 in. long ? 

Now 13 ft. 6 in. =162 inches. 

Then, area of court=1622=26244 sq. inches. 

And area of each tile = square of 4^=^^ sq. inches. 

Therefore, number of tiles=area of court-r-area of each 

tfle 

=26244-^ V =26244 x ^^=1296. 

Exam/pie 3. — If the carpeting of a square room with 
carpet, at 7«. Qd. per sq. yard, costs £16 17«. M.y find the 
length of the room. 

First, if we divide £16 17s. Qd, by 7«. 6c2., we have 
45 sq. yds,, or 405 sq. ft., as area of the floor. 

Then, taking the square root of 405, we have 20*124- ft, ; 
the length of the room. 

I. Area=side* 
IL Area= diagonal^ 

Formulae ^ 2 



ni. Sides-v/area 

IV. Diagonal= ^/^ area. 
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Examples. 

Find the area of the square, when the length of each of 
its sides is — 

(1) 97 in. (2) 2 ft. 7 in. (3) 6*25 ft. 

Determine the area of a square field, when the length of 
each of its sides is — 

(4) 160 yds. (5) 3 ch. 25 Iks, (6) 1 fur. 20 poles 3 yds. 

Find the area of a square field, when its diagonal is — 
(7) 162 yds. (8) 7 chains 30 Iks. (9) 30 poles 3 yds. 

Find the length of each side of a square, when its area is — 
(10) 77841 sq. yds. (11) 32 ac. 1 rood 24 sq. poles. 

(12) 86 sq. ft. 92-89 sq. in. 

(13) What is the length of a square field which contains 
15-625 acres ? 

(14) Find the side of a square field which contams 3 ac. 
1 rood 13 poles 5| sq. yds. 

(15*) Find in yards the side of a square field which con- 
tains 10 acres. 

(16) A square field contains 10^ acres ; find fihe length 
of each side, and of its diagonal. 

(17) The diagonal of a square court is 36 yds. ; find its 
area. 

(18) What is the diagonal of a square court, the length 
of whose side is 35 yds ? 

(19) A square plot of ground, which is 127 yds. long, 
has a path 1 yd. wide running round the mside of it ; what 
will be the expense of gravelling it, at 6d. per square 
yard? 

(20*) Determine the side of a square field which cost 
jS57 15s. 2^. trenching, at 2|e2. per square yd. 

(21*) What is the diagonal of a square whose area is 
7 sq. inches P 
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(22) What will be the expense of buflding a wall round 
a sqnare plot of gronnd, which contains 3 acres 1 rood 
4 poles 25 sq. yds., at lOs, 6d. per yd. ? 

(23) A square room, is 15 ft. 6 in. long; what must be the 
length of a sqnare piece of carpet that shall cover half 
the room ? 

(24) A waJk 2 ft. 6 in. wide, ronnd the (mtside of a sqnare 
conrt, which is 30 yds. long, is to be tUed ; find the ex- 
pense, at 9(2. per sq. ft. 

(25) A path 2 yds. wide snrronnds a sqnare field con- 
taining 27 ac. 12 poles 1 ,sq. yd. ; determine the area of the 
field, if the path were ploughed np and enclosed in the 
field. 

(26) The tiling of a sqnare court, at Is. ^d, per sq. ft., 
costs £22 8*. ; what is the length of the conrt ? 

(27) The perimeter of a sqnare field is 684 yds. ; find 
its area. 

(28) 2,500 sqnare tiles are required for paving a sqnare 
courtyard which is 16 ft. 8 in. long ; find the length of 
each tile. 

(29) Find the cost of building a wall ronnd a new burial- 
ground, in the shape of a square, which contains 2 ac. 
10 poles 17^ sq. yds., at 17«. 6(2. per yd. 

(30) A square field, containing 6 ac. 2 roods 31 poles 
2\ sq. yds., is to be planted with trees, to the depth of 
10 yds., running all round the inside of the field, at Is. Zd. 
per sq. yd. Find the cost. 

(31) A square field 210 yds. long is to be planted all 
round the inside of it to an uniform depth ; the plantation 
is to occupy just one-seventh of the whole field. Find its 
width. 

(32) A square plot of ground is 35 yds. 1 ft. long ; what 
is the side of another plot, which is of the same shape, 
but which contains our tunes the amount of land? 
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ni. THE RECTANGLE. 

Definitions, — ^A rectangle is a parallelogram whose 
angles are all right angles ; 
that is, its adjacent sides are 
perpendicular to each other. 

BG and AD are called 
length or base, 

AB and DC are called 
breadth or height, 

B D is the diagonal. 

The perimeter is the smn of all the sides=2 length 
+2 width. 

BuLE. — To find the area of a rectangle. 
Multiply the length by the breadth. 

Note 1. — To find either the length or the breadth of a 
rectangle, when the area and one dimension are given. — 
The area divided by the breadth will give the length. 
The area divided by the length will give the breadth. 

Note 2. — To find the area of a rectangle, when one di- 
mension, either the length or the breadth, and the diagonal, 
are given. — Since bd is the hypothenuse of a right-angled 
triangle ; and one side also is given, the other side must 
be found by Rule 2, Prob. 1. We shall then have found 
the length and breadth of the rectangle ; and these, being 
multiplied together, will give the area of the rectangle. 

Note 3. — ^The mperficial area of the walls of a room, or 
of the sides of a rectangular box or cistern, may be found 
by adding double the length to double the breadth, and 
then multiplying this sum by the height of the room, or 
by the depth of the box or cistern. 

The fl^oor of a room, or the bottom of a box or cistern, 
will be found by multiplying the length by the breadth. 
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Note 4. — ^With regard to finding the number of tiles or 
planks necessary for tiling or flooring a rectangular room 
or court, see Note 3, Prob. 2. 




Note 5. — To find the area ^ 
of a uniform walk or border, 
8urrovm,ding a rectangle, or 
running round the mside of 
it. A 

Find the area of the outer rectangle ABCD, and also of 
the irmer rectangle b p g h. 

Then, the difierence of these two is the area of the walk 
or border. 



Observe that ad=eh+2 width of walk ; 

AB=EP +2 width of walk ; 
E H=A D — 2 width of walk ; 
and BP=AB— 2 width of walk. 

Note 6. — To ascertain the number of yards of carpet, of 
a certain width, that will be required for a floor. — Find 
the area of the floor, and divide it by the width of the 
carpet. (Observe that the area of the floor and the width 
of the carpet must be hoth expressed in the eame denomi- 
nation, either yards, feet, or inches ; and the required 
length of the carpet will be in the same denomination.) 

Note 7. — Given the length and breadth of a rectangle, 
to find the length and breadth (proportional to the former) 

of another rect- H G 

angle whose ^ 

area shall be 

double, treble, ^ 

&c. that of the E 

former. 

Supposing AB and ad of the rectangle abcd are given, 
and it is required to find ef and eh (proportional to ab 
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and ad) of another rectangle efqh, whose area shall be 
twice that of the rectangle abcd, we have — 
EF X EH=2 (ab X ad) = ab v^ 2 X a d >/2 (since a/2 x ^2^2) i 
that is, EF, the length of required rectangles Zen^^^ of gwen 

rectangle x ^2 ; 
and EH, the breadth of the required rectBuglesshreadth of 

given rectangle x -v/2. 

Hence, if the area is to be doubled, then the length and 
breadth of the required rectangle will be found by multi- 
plying the length and breadth of the gvven rectangle each 
by V2. 

If the area is to be trebled, then multiply each of the 
given dimensions by ^/ 3 ; and so on. 

Exarwple 1. — Find the area of a rectangular room which 
is 13 fb. 4 in. long and 12 ft. 8 in. broad. 

Area of room=13 fb. 4 in. x 12 ft. 8 in. =160 in. x 152 in. 
=24320 sq. in.=168 sq. ft. 128 sq. in 

Example, 2. — Find the expense of carpeting a room 
which measures 18 fb. by 15 fb., with carpet 27 in. wide, 
worth ha, Ad, per yd. 

Area of the floor=18 fb. x 15 fb.=270 sq. ft.=30 sq. yds ; 
and 27 in.=| yd. 

Then, yards of carpet = 30 -!-|= 30 x 4=40 yds. 
And 40 yds., at 5*. M. per yard, =£10 13«. Ad. 

Example 3. — If it requires 1000 tiles, 8 in. long and 
3^ in. wide, for paving the floor of a room which is 
14 fb. 7 in. long, find the breadth of the room. 

Each tile contains (8 x 3-^), or 28 sq. inches ; and there- 
fore 1000 tiles will contain 28000 sq. in., which is the 
area of the floor. 

Then, if we divide 28000 sq. in. by 14 ft. 7 in.— that is, 
by 175 in.— we shall have 160 in., or 13 ft. 4 in.,, the breadth 
of the floor. 
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Exatfijple 4. — How many square feet are there in a gravel 
walk, 2 ft. wide, running all round the outside of a rectan- 
gular grass-plot which is 4iO ft. long and 28 ft. broad ? 

Now the extr&ms length of the rectangle abcd (see fig. 
Note 5), which includes the grass plot and the walk= 
40ft.+4ft.=44ft. 

And the extreme 6reac?^^= 28 fb.-f4 ft.=:32 ft. 

Then, the area of the larger rectangle abcd=44 ft. x 
82 ft.=1408 sq.ft.; 

And area of grass-plot EFGH=:40ft. x28 ft.=l,120 sq. ft. 

Therefore the gravel walk=1408- 1120=288 sq. ft. 

I. Area = length x breadth. 

area 



Formulsa 



II. Length = 
in. Breadth = 



breadth 

area 
length 



Examples. 

Find the area of the rectangle whose length and breadth 
are, respectively- 

(1). Length 37 in. and breadth 27 in. 

(2) Length 4 yds. and breadth 3 yds. 2 ft. 

(3) Length 10 ft. 7 in. and breadth 9 ft. 5 in. 

Find the area of the rectangle whose length and breadth 
are, respectively — 

(4) Length 7 ft. 6 in. and breadth 6 ft. 7 in. 

(5) Length 17ft. 10^ in. and breadth 6^ in. 

(6) Length 4 yds. 2 ft. 6 in. and breadth 2 yds. 1 ft. 4 in. 

Determine the area of the following rectangular fields, 
whose dimensions are — 

(7) 210 yds. by 180 yds. 

(8) 6 ch. 20 Iks. by 4 ch. 35 Iks. 

(9) 20 poles 5 yds. by 12 poles 1 yd. 
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Find the area of the rectangle whose length and dia- 
gonal are, respectively — 

(10) Diagonal 135 yds. and length 108 yds. 

(11) Diagonal 295 yds. and length 236 yds. 

(12) Diagonal 8*29 ft. and length 6*29 ft. 

Find the breadth of the rectangle when its area and 
length are, respectively — 

(13) Area 155 sq. yds. 5 sq. ft. and length 13 yds. 1 ft. 

(14) Area 180 sq. yds. 4 sq. ft. and length 18 yds. 2 ft. 

(15) Area 24 sq. yds. 1 sq. ft. 80 sq. in. and length 4 yds. 
2 ft. 10 in. 

Find the breadth of the rectangular field whose area 
and length are, respectively — 

(16) Area 3^ acres and length 140 yds. 

(17) Area 3 ac. 2 roods 10 poles 29^ sq. yds. and length 
136 yds. 

(18) Area 3 ac. 34 poles and length 12 ch. 85 Iks. 

(19) Area 5 ac. and length IJ mile. 

(20) The length of a rectangular field is 6 ch. 75 lks« 
and its breadth 3 ch. 15 Iks. ; find the rental, at £2 10^. 
per acre. 

(2L**) A path 8 ft. wide, surrounding a rectangular 
court 60 ft. long and 36 ft. wide, is to be paved with tiles 
9 in. long and 4 in. wide ; how many will be required ? 

(22) A certain street, ^ of a mile long, covers 1^ acre ; 
what is the breadth of the street ? 

(23) The middle part of a room, which measures 20 ft. 
6 in. by 16 ft., is covered with a carpet, which is only 15 ft. 
9 in. long and 10 ft, 8 in. wide; how much additional 
carpet, 27 in. wide, will be required to cover the remaining 
part of the floor ? 

(24) What will be the expense of building a wall round 
a rectangular garden which covers exactly f acre, and 
whose breadth is 30 yds., at 15«. 6d. per ydi ? 

(25) What will be the expense of making a footpath^ 2 tL 
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wide, round the outside of a rectangular plot containing 
572 sq. yds., and whose length is 26 yds., at I*. Sd. per 
sq. yd. P 

(26) A square piece of wood is 2 fb. 6 in. long ; what 
must be the breadth of a rectangular piece 3 ft. 9 in. long, 
that it may be as large as the square piece p 

(27) What will be the expense of paving a hall, 50 yds. 
long and 50 ft. wide, with marble slabs 1 ft. long and 9 in. 
broad, the price of the slabs being £b per dozen. 

(28*) A room 39 ft. long requires 36 yds. of carpet, 
2 ft. 2 in. ' wide, to cover it ; what is the breadth of the 
roomp 

(29) The area of a rectangular field is 5 ac. 1 rood 6 poles 
8^ sq. yds., and its length is 256 yds. ; find the expense of 
fencing it, at Is, per yd. Supposing the field were a square 
and of the same area, what would be the expense in that 
case? 

(30*) A rectangular field contains 3j^ acres, and is 
100 yds. wide ; find its breadth. 

(31) A rectangular field is 7^ chains in length, and its 
area is 5^ acres ; what is its breadth P 

(32) A rectangle, whose length is four times that of its 
breadth, and a square have the same perimeter, 100 yds. ; 
which contains the greater area, and by how much P 

(33**) A rectangular garden is to be cut off from a rect- 
angular field, so as to contain a quarter of an acre. One 
side of the field is taken for a side of the plot, and measures 
3^ chains ; find the length of the other side. 

(34) The rental of a rectangular field, whose length is 
1 fiir. 20 poles, at the rate of £1 Ids, per acre, is £6 68, ; 
find its breadth. 

(35) What wiU be the expense of paving a courtyard 
which measures 35 ft. 10 in. by 18 ft. 6 in., at 6s, Sd. per 
sq. yd. P 

(36) Find the expense of lining the sides and bottom of 
a rectangular cistern, 12 ft. 9 in. long, 8 ft. 3 in. broad, and 
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6 ft. 6 in. deep, with lead which costs £1 8«. per cwt., and 
weighs 8 lbs. to the sq. ft. 

(37) Find the cost of carpeting a room 18 ft. 9 in. long 
and 17 ft. 6 in. broad, with carpet 2 ft. wide, at 4«. 9d. per yd. 

(38) The cost of carpeting a room 21 ft. long with carpet 
24 in. wide, and worth 4a, per yd., is £10 10«. ; what is 
the breadth of the room ? 

(39) The perimeter of a square and also of a rectangle, 
whose breadth is 14 yds., is 392 yds. ; what is the difference 
in size of these two figures ? 

(40) What will be the area of a rectangular field whose 
diagonal is 415 yds. and its breadth 249 yds. ? 

(41) Find how many yards of paper 27 in. wide will be 
required for papering a room 18 ft. long, 12 ft. broad, and 
11 fl^ high. 

(42) The flooring of a room 14 ft. 3 in. long and 13 ft. 
4 in. broad is composed of planks, each 8 in. wide and 10 ft. 
long ; how many will be required ? 

(43) What is the cost of papering a room 6 yds. 1 ft. 2, in. 
long, 6 yds. ft. 4 in. broad, and 12 ft. high, with paper 
|- of a yard wide, at 4J(i. per yd. ? 

(44) A joiner requires 3^ sq. ft. of wood, and he has only 
a plank 1 ft. 6 in. wide from which to cut it off; find the 
length of the piece that he must cut off. 

(45) The cost of carpeting a room 15ft. long with carpet 
24 in. wide, worth 4«. 6d. per yd., is £7 17«. 6d. What is 
the breadth of the room ? 

(46) If the breadth of a rectangular field, which is 75 yds. 
long, were increased by 10 yds., then its area would be 
3 roods 28 poles 23 sq. yds. ; find its breadth. 

(47) The area of a rectangular field, whose breadth is 
119 yds., is 2 ac. 3 ^ods 32 poles 2 sq. yds. Find what 
distance a person could save himself by going from one 
comer to the opposite comer across the field, instead of 
keeping to the footpath, which runs along the two adjacent 
sides of the field. 
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(48) The dimensions of a rectangle are 45 yds. and 28 yds. 
Will its diagonal be greater or less than the diagonal of a 
square of the same area ? 

(49) The building of a wall round a square field, at 4s8. 
per yd., costs £112 ; what would have been the charge if 
the field had been in the shape of a rectangle, whose length 
is 196 yds., but stiU containing the same quantity of land ? 

(50*) How many square yards of painting are there in a 
room 20 fb. long, 14 fb. 6 in. broad, and 10 fb. 4 in. high ; 
allowing for a fireplace 4 ft. by 4 ft. 4 in., and 2 windows 
each 6 ft. by 3 ft. 2 in. ? 

(51**) Find the expense of covering with lead, at a 
farthing per sq. in., the inside of a cistern, open at the top, 
of length 10 ft., width 6 ft., and depth 4 ft. 

(52) If 864 planks, each 13^ ft. long, are used in the con- 
struction of a platform 54 yds. long and 21 yds. broad ; 
find the width of each plank. 

(53) The walls of a room, 21 ft. long, 15 ft. 9 in. wide, 
and 11 ft. 8 in. high, are painted at an expense of £9 12«. 6d. 
Find the additional expense of painting the ceiling, at the 
same rate. 



IV. THE OBLIQUE PAEALLELOGRAM, OR THE 
RHOMBUS AND RHOMBOID. 

Definitions. — The rhombus (fig. 1) is a four-sided figure 
D c D 




A E B A £ B 

Fig. 1. Fig. 2. 

whiclT has all its sides equal, but its angles are not right 
angles. 
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The rhomboid (fig. 2) is a four-sided figure which has 
its opposite sides equal and parallel, but all its sides are 
not equal, and its angles are not right angles. 

Since both the rhombus and rhomboid are parallelograms, 
though their angles are not right angles, the general term 
oblique parallelogram will include both figures. 

In both figures, AB is called the base or length ; and de 
is the perpendicular height, or more generally called simply 
the height. 

Rule. — To find the area of a rhorribus or rhomboid. 

Multiply the base (ab) by the perpendicular 
height (de). 

Note 1. — To find either the base or the perpendicular 
height, when. the area and the other dimension are given. — 
Divide the area by the base, and the quotient is the perpen- 
dicular height ; or, divide the area by the perpendicular 
height, and the quotient is the base. 

Note 2. — The reason for the rule given above for finding 
the area of an obHque parallelogram may be thus shown : — 

However oblique a parallel- 
ogram ABOD (fig. 3) may be, 
it has been shown by Euclid 
(I. 35) that its area is equal 
to the area of any other paral- 
lelogram upon the samie base A b 
AB, and between the samie ^ig-3. 
paralleU ab and GO ; and therefore it is equal to the area of 
the rectangle A beg. 

But the area of the rectangle abeg (by Rule, Prob. III.) 
issABX be. 

Hence the area of the oblique parallelogram abcd= 
AB X be ; that is, = base x perpendicular height. 

Therefore the area of a parallelogram, whether rectangular 
or dbUque^ will be always found by multiplying the base by 

c 2 
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the ^perpendicular let fall upon it from the opposite side. 
(In the case of a rectan^tUar parallelogram, this perpendi- 
cular is the breadth of the figure.) 

It will be found also that the more oblique a parallelo- 
gram is, the less does its area become, until, at last, ad and 
BC form but one straight line, when, consequently, the area 
becomes 0. 

'Note 3. — If the length ab, and its adjacent side ad, and 
also AE, the distance intercepted between the angle at a and 
the perpeudicular let fall from d, are given (see figs. 1 and 
2), and it is required to find the area of the parallelogram, 
we must first find the perpendicular D B by Rule 2, Prob. I. 
(since de is the perpendicular of a right-angled triangle 
ead). 

Then, having got the base and the perpendicular height, 
we can find the area of the oblique parallelogram by the 
rule given in this chapter. 

Noie 4. — The diagonals of a rhombus intersect each other 
at right a/ngles. Hence, if the diagonals of a rhombus are 
given, we may find its area by multiplying together the 
two diagonals, and dividing the product by 2. 

Note 6. — If the diagonals of a rhombus are given, and it 
is required to find the length of each side of the rhombus, 
we may proceed thus : — • 

Since the diagonals bisect each other 
at right angles, *we shall have a right- 
angled triangle aeb, of which ae is 
half one diagonal, and be half the 
other diagonal. Then ab, the hypo- ^ ^ 

thenuse of this right-angled triangle, 
can be found by Bule 1, Prob. I. 

Note 6. — The student must always bear in mind that the 
area of an oblique parallelogram is found no/ by multiplying 
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THB OBLIQUE PARALLELOGRAM. 20 

together the two adjacent sides a 6 and ad, as in the case of 
a rectangular parallelogram, but by multiplying the base 
AB by DE, the perpendicular let fall upon it from the oppo- 
site side (see figs. 1 and 2). 

Exanvple 1. — Find the area of a rhombus whose length is 
6 chains 25 links, and perpendicular height is 4 chains 
50 links. 

Now 6 ch. 25 lks.=625 Iks ; and 4 ch. 50 lks.=450 Iks. 
Then the area= 625 x 450=281250 sq. links = 2*8125 ac. 
=2 ac. 3 roods 10 poles. 

Example 2. — The area of a field, in the shape of a rhom- 
boid, is 4 ac. 2 roods 20 poles, and its base is 9 ch. 25 Iks. ; 
find its perpendicular height. 

ITow 4 ac. 2 roods 20 poles = 740 poles =462500 sq. links ; 
and 9 ch. 25 Iks. =925 links. 

Then, perpendicular height =462500 -5-925 =500 links 
=5 chains. 

^ I. Area=base X height. 
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II. Height: 



area 
base. 



Vm. Base=: ^""^^ 



height. 



[The student must bear in mind that when the word 
height occurs in the following Examples, it always refers to 
the perpendicular let &J1 upon the base from the opposite 
side.] 

Examples. 

Find the area of an oblique parallelogram, when its base 
and perpendicular height, are respectively — 

(1) Base 35 in., and height 15 in. 

(2) B^fle 40 ffc. 6 in., and height 28 ft. 9 in. 

(3) Base 15 yds. 2 ft., and height 10 yds. 1 ft. 
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Find the area of a field, in the shape of a rhomboid, when 
its base and height are, respectively — 

(4) Base 210 yds., and height 120 yds. 

(5) Base 1 i^. 10 poles, and height 25 poles. 

(6) Base 6 ch. 25 Iks., and height 5 oh. 40 Iks. 

Find the perpendicnlar height of an obliqne parallelo- 
gram, when its area and base are, respectively — 

(7) Area 42 sq. ft. 24 sq. in., and base 7ft. Sin. 

(8) Area 18 ac, and base 440 yds. 

(9) Area 4 ac. 1 rood 39 poles, and base 7 ch. 19 Iks. 

(10) Find the rental of a field, in th^ shape of a rhom- 
boid, whose base is 13 ch. 75 Iks. and height 9 ch. 50 Iks., 
at £S lOs, per acre. 

(11) The rental of a field, in the shape of a rhomboid, 
at £2 per acre, is £6 5«., and its base is 6 ch. 25 Iks. ; find 
its height. 

(12) ABCD (fig. 1) is a rhombus, of which the perimeter 
is S28 ft., and a e is 18 ft. ; find its area. 

(13) Find the area of a rhombus whose diagonals are 
66 yds. and 120 yds. respectively. 

(14) Find the cost of paving a courtyard, in the form of 
a rhombus, when its diagonals are 45 yds. and 24 yds. 
respectively, at 3«. 4d. per sq. yd. 

(15) The adjacent sides of a rhomboid (fig. 2) are 64 ft. 
and 36 ft. If ae=de, find the area of the figure. 

(16) If each side of a rhombus (fig. 1) is 24 ft., find at 
what distance from A along ab the perpendicular de must 
be drawn, so that the area of the rhombus may be f the 
area of a square having the same perimeter. 

(17) The diagonals of a rhombus are 90 yds. and 
120 yds. respectively ; find the length of each of its sides, 
and also its height. 
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V. THE TRIANGLE. 

Defmitions, — A triangle is a plane figure bonnded by 

three straight lines. 

A A 





B C 

Fig.l. 

A is the vertex of the triangle. 

BC is the base, 

AC is the perpendicula/r height in fig. 1. 

AD is the perpendicida/r height in fig. 2. 

The perpendicular height is more frequently called simply 
the height 

Of course, either of the other angular points b or c 
might be taken as the vertex ; in which case the side oppo- 
site to it would be the hose, and the perpendicular dMiwn 
fix>ni that vertex to the opposite side would be the height 
of the triangle. 

Rules. — (1) To find the a/rea of a triangle, when its 

base a/nd height <ire given. 

Multiply the base by the height, and divide the 
product by 2. 

(2) To find the area, when the three sides a/re given. 

From half the sum of the three sides, subtract 
each side separately. Multiply the half sum and 
the three remainders together, and the square root 
of the product is the area. 

Note 1. — To find one dimension, either the base or the 
height, wh^i the area of the triangle and the other dimer 
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Fig. 3. 



Bion are given.^(a) Divide double the area by the base, 
and the quotient is the height, (h) Divide double the area 
by the height, and the quotient is the base. 

Note 2. — The reason for Rule 1 is, that the area of a 
triangle agb is half the area of a parallelogram abgd, upon 
the same hose BC, and between the d a 

Bomie parallels kT> and BC (Euclid 1.41). 

But the area of parallelogram 

ABCD = BCXAB; 

therefore area of the triangle ABC 
s=^ X BG X AB=:^ X baso X height. 

Note 8. — The area of triangle abg 
=^ X base bg x perp. height A d. 

Because the triangle abg is equal 
to the triangle ebg, being upon the 
same base bg, and between the same 
parallels ea and gb (Euclid I. 37). 

But the triangle ebc=^xcbxeb 

aaJXGBXAD (since AD=EB) ; 

therefore the triangle ABC^-^xbase bgx perp. height ad. 
Hence, however oblique a triangle may be, its area will 
always be found by multiplying its base gb by ad (which 
is the perpendicular drawn from the angle at A upon bg 
produced), and then dividing this product by 2. 

Note 4. — To find the length of the perpendicular ad, 
drawn from the angle at a to the opposite side. 

First, find the area of 
the triangle abg, either by A B 

Rule 1 or Rule 2. 

Also, by Rule 1, the area 
of the triangle abg is 
equal to half the product 
of any side into the per- 
pendicular upon it— ^X Fig. 6. Fig, 6. 
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THE TRIAKGLB. 

And, since both these methods will give the same arei^ 

"we have— 

^ X BG X AD=:area of triangle ; 

., 1. . ^ 2 area of trianele. 
therefore ad= ^- 

BC 

The same method mnst be adopted in finding the length 
of the perpendicular npon cmy side. 

Note 5. — ^If it is required to find the area of a right- 
angled triangle, when one of the other angles and a side 
are given, we mnst first find, by Notes 4 and 5, Prob. I., the 
base and perpendicnlar height. Having thns fonnd the 
base and perpendicnlar height, we can then find the area 
by Biule 1. 

Example 1. — ^Find the area of a triangle when its base is 
12 fb. 6 in., and its perpendicular height is 8 ft. 10 in. 

First, 12 ft. 6in.=150in. ; and 8 ft. 10in.=:106 in. 
Then, area of triangle= J x base x height=^ X 160 X 106 
=7950 sq. in. = 55 sq. ft. 30 sq. in. 

Or thns : 12 ft. 6 in.=12ift. ; and 8 ft. 10 in.=8f ft,. 
Then, area of triangle= J x 12^ x 8f =i x V x V=^^A^ 
sq. ft.:=55 sq. ft. 30 sq. in. 

Example 2. — Find the area of a triangle when its sides 
are, respectively, 17*5 ft., 221 ft., and 318 ft. 

Now, 17-5+221 + 31-8=71-4 ; and half of this is 357. 
Then 35-7-17-5=18-2; 357-221=13-6 ; and 35 7- 
31'8=3-9. 

Then 357 x 182 x 13*6 x 3-9=34462-2096. 

Taking the square root of 34462*2096, we have 185*64 
sq. ft. — area of triangle. 

EoMmple 3. — The sides of a right-angled triangle are 

52 ft. and 39 ft. ; find its area, and. also the length of the 

perpendicular drawn from the right angle to the opposite 

side. 

c8 
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First, the area of the triangle (fig. 6)=s^xbase Acx 
height AB 

=i X 52 X 39=1014 sq. ft.— 1st Answer. 

Now, by Rnle 1, Prob. I., the hypothenuse bc=65 ft. 
Then, the area of the triangle also=-^ x bc x ad 

=|^^x65xAD. 

And, since this will give the same area (1014 sq. ft.) 
that we got before, we have — 

Jx65xAD=1014; 
therefore .^=^-2^=^^=31-2 ft.-2nd Answer. 

" I. Area =i x base x height 

= -v/»(s— a)(«-6)(g— c); when 
«=i sum of sides, and a, 6, 
and c the sides respectively. 

II. Base =|fE^ 
height 

Lin. Height=^^^^«' 

base. 

[Observe, that when the height of a triangle is spoken o^ 
we are always to understand its perpmdmdar height ; that 
is, the perpendictdar drawn from the vertex of the triangle 
to the hose, or to the hose prod/uced, if necessary.] 

Examples. 

Find the area of a triangle, whose base and perpen- 
dicular height are, respectively — 

(1) Base 50, and perp. ht. 20. 

(2) Base 20 ft. 6 in., and perp. ht. 10 ft. 4 in. 

(3) Base 14*5 yds., and perp. ht. 10*8 yds. 

Determine the area of a triangular field whose base and 
height are, respectively* — 

(4) Base 10 ch. 35 Iks., and height 8 ch. 32 Iks. 

(5) Base 1 fur. 5 yds., and height 110 yds. 
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Find the heiglit of a triangle, when its area and base are, 
respectively — 

(6) Area 102 sq. fb. 72 sq. in., and base 10 ft. 3 in. 

(7) Area 108 sq. ft. 68 sq. in., and base 9 ft. 2 in. 

(8) Area 5 ac. rood 33 poles, and base 12 eh. 50 Iks. 

(9) Area 1 ac. 2 roods 17 poles, and base 6 ch. 25 Iks. 

Find the area of a triangle whose fides are, respectiyely-— 

(10) 50, 40, and 30. (11) 61 ft., 91 ft., and 100 ft. 

(12) 104 ft.. Ill ft., and 175 ft. 

(13) 260 yds., 287 yds., and 519 yds. 

(14) lllyds., 17-5 yds., and 17-6 yds. 

(15) 119 yds., 150 yds., and 241 yds. 

(16) 18-6 yds., 221 yds., and 27*5 yds. 

(17) A plot of land, in the shape of a triangle, whose 
base is 120 yds. 2 ft., and perpendicular height 55 yds. 1 ft., 
is to be paved, at the rate of 1«. 6d, per sq. yd. ; find the 
expense. 

(18) How many square feet of brickwork are there in 
the gable-top of a house, the breadth being 56 ft., and the 
lengths from the eaves to the ridge 39 ft. and 25 ft. re- 
spectively ? 

(19) The hypothenuse of a right-angled triangle is 
185 yds. 2 ft., and the perpendicular height is 55 yds. ; find 
the area. 

(20) A plot of land, in the shape of a triangle, whose 
sides are, respectively, 25 yds., 101 yds., and 114 yds., sells 
for 3^1710 ; find the price per sq. yd. 

(21) The perimeter of an equilateral triangle is 60 ft., 
and it is the same as that of a square ; compare the areas 
of the two figures. 

(22) The hypothenuse of a right-angled triangle is 76yds., 
and its other sides are equal ; find the area of the triangle. 

(23) How much land is there in a triangular field whose 
sides measure, respectively, 2ch. 73 Iks., 4ch. 25 Iks., and 
6ch.281ks.? 
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(24) Find the value of a triangular fields whose sides 
are, respectively, 113 yds., 225 yds., and 238 yds., at £60 
per acre. 

(25) The base of a right-angled triangle is 40 ft., and its 
perpendicular is 30 fb.; find its area. And if a perpen- 
dicular be drawn from the right angle upon the hypothe- 
nuse, find what is the length of the parts into which the 
hypothennse is divided, and the area of each part of the 
triangle. 

(26) Given AC (fig. 2)=24fb. 7 in., BD=25ft. 3in., and 
c D=14 ft. 9 in. ; find the area of the triangle. 

(27) The three sides of a triangle (fig. 2) are AC=21 ft., 
CB=89ft., and AB=:100ft. ; required the length of the 
perpendicular from c on ab. 

(28**) ABC is a triangle, and ad the perpendicular from 
A upon BC. K AD=13 ft., and the lengths of the perpen- 
diculars from D on AB and AC be 5 ft. and 10|^ft. respec- 
tively, find the lengths of the sides, and the area of the 
triangle. 

(29) The perimeter of an isosceles triangle, when the 
base is half the length of each of its sides, is 120 ft. ; find 
the side of a square equal in area to the triangle. 

(30*) A field is in the form of a right-angled triangle, 
the two sides containing the right angle being 100 and 
200 yards ; how many acres does it contain ? And if the 
triangle be divided into two parts by a line drawn from 
the right angle perpendicular to the opposite side, what is 
the area of each part ? 

(31*) Find the area of an isosceles triangle whose base 
is 3 ft., and each of whose equal sides is 5 ft. 

(32) The breadth of the gable-end of a house is 48 ft., 
and the distances of its eaves from the ridge are 35 ft. and 
29ft. respectively; find the area of the gable-top; and 
also the height of the roof. 

(33) Find the cost of a triangnlar plot of land, whose 
sides meastire, respectively, 87 yds,, 100 yds., and 143 yds., 

55. 6d, per sq. yd. 
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(34) How many square feet of wood will be required for 
a triangular floor whose sides measure, respectively, 26 fb., 
35 ft., and 51 ft. ? 

(35) The sides of a triangular field are 65 yds., 119 yds., 
and 138 yds. respectively ; find the side of a square field 
containing the same amount of land. 

(36) What is the area of a right-angled triangle (fig. 1), 
when the angle at c is 45°, and the base bo is 40 ft. ? 

(37) Find the area of a right-angled triangle (fig. 1), 
mhen the angle at c is 45°, and the hypothenuse is 98 ft. 

(38) The angle at c in a right-angled triangle (fig. 1) is 
30% and the perpendicular height is 40 fb ; find the area. 

(39) The angle at c in a rigbt-angled triangle (fig. 1) is 
30°, and the hypothenuse is 60 ft. ; find the area. 



VI. THE TRAPEZIUM. 

Defmitum, — ^The trapezium is a four-sided figure having 
none of its sides parallel to each other. 

AC is the diagonal, and be, fd the ^erpendwidars upon it. 

Rule. — To find the area, when the diagonal and 
the perpendiculars upon it are given. 

Multiply the sum of the perpendiculars by. the dia- 
gonal, and divide the product by 2. 

Note 1. — To find the sum of 
the perpendiculars, when the 
area and the diagonal are 
given. — Divide twice the area A' 
by the diagonal. 

Note 2.— To find the dia- 
gonal, when the area and the 
sum of the perpendiculars are " 

given. — ^Divide twice the area by the sum of the perpendi- 
culars. 
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Note 3. — ^The trapezium abgd is made up of the triangle 
ABC and triangle ADC: hence the area of the trapezium 
may be found by adding together the areas of these two 
triangles. 

Note 4i, — ^If the sides of a trapezium and its diagonal 
are given, then its area is the sum of the areas of the two 
triangles abc and adc ; and these areas can be found by 
Eule 2, Prob. V. 

Note 5.* — ^If the sides of a trapezium and its diagonal, and 
also the distances ae and fc, at which the perpendiculars 
rise, are given, then be and fd must first be found by the 
Rule 2 in Prob. I. Having found these perpendiculars, we 
shall then be able to apply the rule given above for finding 
the area of the trapezium. 

* 

Note 6. — If the trapezium is inscribed in a circle, that is, 
if its opposite angles are equal to two right angles, then its 
area wiU be found thus : — ^Add together the four sides, and 
take half their sum. From this half sum subtract each side 
separately. Multiply these four remainders together, and 
the square root of the product is the area of the trapezium. 

Exanvple 1. — Find the area of a field, in the shape of a 
trapezium, whose diagonal is 10 chains 20 links, and the 
perpendiculars let fall upon it from the opposite angles are 
6 ch. 30 Iks. and 4 ch. 10 Iks. 

Now, 10 ch. 20 Iks. =1020 Iks. ; 6 ch. 30 Iks. =630 Iks. ; 
4ch. 101ks.=4101ks. 

1020 X (630+410) 



2 
1020 X 1040 



2 

=5 ac. 1 rood 8^f poles. 



=530400 sq. Iks. =5-304 ac. 
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Example 2. — If the area of a trapeziam is 8250 sq. yds., 
and the diagonal is 100 yds., find the sum of the perpen- 
dicolars. 

By Note 1, the sum of the perpendiculars =^. ^^^^^ 
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diagonal 
2x3260 6500 ^. , 

=— 100^=100-=^^ ^^'' 
I Arpfl."- ^"^^^^^^^ ^ ^"^°^ ^^ perpendiculars • 

n. Diagonal = ^^^-, 

sum of perpendiculars 

J. 1 2 area 

perpendiculars=^. . 

diagonal 

Examples. 

Find the area of the trapezium, when the dimensions 
given are — 

(1) The diagonal 48 fb., and its perpendiculars 24 ft. 6 in. 
and 15 ft. 6 in. 

(2) The diagonal 84*5 ft., and its perpendiculars 1975 fi«. 
and 14*25 ft. 

Find the area of a field, in the shape of a trapezium, 
when its dimensions are-— 

(3) The diagonal 400 yds., and its perpendiculars 
120 yds. and 80 yds. 

(4) The diagonal 862 Iks., and its perpendiculars 880 Iks. 
and 220 Iks. 

Find the diagonal of a trapezium, when its area and the 
sum of its perpendiculars are, respectiyely — 

(5) Area 1184 sq. ft., and sum of the perpendiculars 42 ft. 

(6) Area 5 ac. 8 roods 85 poles d^ sq. yds., and sum of 
the perpendiculars 288 yds. 

(7) Area 6 ac. 1 rood 20 poles, and sum of the perpen- 
diculars 12 ch. 50 Iks. 
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(8) Find the cost of a plot of land, in the shape of a tra- 
pezinm, whose diagonal is 108 fb., and the perpendiculars 
npon it 55 ft. 3 in. and 60 ft. 9 in. respectively, at 28. 6d. 
per sq. yd. 

(9) The area of a trapezimn is 759^ sq. yds., its diagonal 
is 108 ft. 6 in., and one of its perpendiculars is 65 fb. 3 in. ; 
find the other perpendicular. 

(10) ABCD (see fig.) ifl a trapezium having AB=87ft., 
BC = 119 ft., AD = 169 ft., CD = 41 ft., and the diagonal 
AC=200ft. ; find the area. 

(11) Find the area of the four-sided figure ^bcd (see 
fig.), whose dimensions are : ab = 145 ft., CD = 135 ft., 
AB = 87ft., FC=81ft., and the diagonal AC=368ft. 

(12) Find the area of a trapezium, inscribed in a circle, 
whose sides are, respectively, 48 ft., 52 ft., 56 ft., and 60 ft. 

(13) Find the area of a trapezium whose opposite angles 
are together equal to two right angles, and whose sides are, 
respectively, 80 ft., 110 ft., 120 ft., and 150 ft. 

(14*) The diagonal of a trapezium is 50*08 ft., and the 
perpendiculars upon it from the two opposite angles are 
1012 ft. and 8-4 ft. ; find the area. 

(15**) The length of the diagonal of a four-sided figure 
is 54 ft., and the lengths of the perpendiculars upon the 
diagonal from the opposite comers are 23 ft. 9 in. and 18 ft. 
3 in. ; how many square yards are there in the field ? 

(16**) ABCD is a quadrilateral field; ab = 48 chains, 
BC=20 chains, the diagonal AC =52 chains, and the perpen- 
dicular from D upon AC =30 chains. Find the area of the 
field. 

(17**) One diagonal of a quadrilateral field is 10 chains 
14 links, and the perpendiculars upon it from the angles 
are 6 phains 27 links, and 8 chains 6 links. How many 
acres does the field contain ? 
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Vn. THE TRAPEZOID. 

Definition. — The trapezoid is a four-sided figure, having 
two opposite sides paralleL 

A6 is parallel to DC. d g 

DE is the perpendict^ 
J'ttr distance between the 
parallel sides, or fre- 
quently called simply the ^ 
distance. ^ 

BuLE. — To find the area of a trapezoid. 

Multiply the sum of the parallel sides by the 
perpendicular distance between them, and divide 
the product by 2. 

Or, multiply half the sum of the parallel sides by 
the perpendicular distance between them. 

Note 1. — To find the sum of the parallel sides, when the 
area and the perpendicular distance are given. — Divide 
double the area by the x>erpendicular distance. 

Note 2. — ^To find the perpendicular distance, when the 
area and the sum of the parallel sides are given. — ^Divide 
double the area by the sum of the parallel sides. 

Note 3. — ^Whenever we find the word distance mentioned 
in questions on the trapezoid, we must understand it to 
mean the perpendicular distance between the parallel 
sides. 

Example 1. — Find the area of a field, in the shape of a 
tn^ezoid, whose parallel sides are 12 ch. 75 Iks. and 8 ch. 
25 Iks., and the perpendicular distance between them is 
6 ch. 20 Iks. 
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Stun of the parallel sides=12 ch. 75 Iks. + 8 ch. 25 Iks. 

=21 cli.=2100 Iks. 

m, 21 ch. X 6 ch. 20 Iks. 2100 x 620 ^ ^i aaa 
Then, areas ^^ = ^ =651000 

sq. Iks. =6 ac. 2 roods If poles. 

Example 2. — The area of a field, in the shape of a trape- 
zoid, whose parallel sides are 325 yds. and 215 yds., is 
8 ac. 3 roods 28 poles 3 sq. yds. ; find the perpendicnlar 
distance between them. 

Now, the donble of 8 ac. 3 roods 28 poles 3 sq. yds.= 
17 ac. 3 roods 16 poles 6 sq. yds. =86400 sq. yds; and 
the sum of the parallel sides = 325 yds. -f 215 yds. =540 yds. 

Then, perpendicular distance=-^^r— =160 yds. 

540 

r I. Area =(^b+c^d)xdb 
Formulfie -I H. Sum of parallel sides= 

DB 

2 area 



in. Perpendicular distance=7 r 

^ (ab-i-cd) 



Examples. 

Find the area of the trapezoid whose dimensions are, 
respectively — 

(1) Parallel sides 50 ffc. and 34 ft., and the perpendi- 
cular distance 25 ft. 

(2) Parallel sides 24 ft. 9 in. and 15 ft. 3 in., and the 
perpendicular distance 12 ft. 6 in. 

Find the area of a field, in the shape of a trapezoid, when 
the dimensions are— 

(3) Parallel sides 256 yds. and 144 yds., and perpendi- 
cular distance 85 yds. 

(4) Parallel sides 12 ch. 25 Iks. and 7 ch. 75 Iks., and 
■^endicular distance 10 ch. 40 Iks. 
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Find the distance between the parallel sides in a trape- 
zoid whose area and parallel sides are, respectivelj — 

(5) Area 311 sq. yds. 1 sq. ft., and parallel sides 14 yds. 
2 ft. and 12 yds. 

(6) Area 3 ac. rood 34 poles, and parallel sides 7 ch. 
50 Iks. and 5 ch. 

(7) Find the rental of a field, in the shape of a trape- 
zoid, when its parallel sides are 6 ch. 45 Iks. and 3 ch. 
55 Iks., and the distance between them 4 ch. 20 Iks., at 
i£3 5^. per acre. 

(8) The cost of a field, in the shape of a trapezoid, at 
£60 per acre, is £312 78. 6d, ; the parallel sides are 17 ch. 
and 12 ch. 75 Iks. Find the distance between them. 

(9) The area of a field, in the shape of a trapezoid, is 
2 ac. 2 roods 20 poles ; the perpendicular distance between 
the parallel sides, of which one is 115 yds., is 70 yds. 
Find the other parallel side. 

(10**) A field is bounded by fonr straight lines, of 
which two are parallel. If the sum of the parallel sides is 
1235 Iks., and the perpendicnlar distance between them is 
240 Iks., determine the area of the field. 

(11) The rental of a field, which is in the shape of a 
trapezoid, is £9 Ss. 6d.; the parallel sides are 200 yds. 
and 119 yds., and the perpendicnlar distance between 
them is 110 yds. Find the charge per acre. 
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Vni. THE REGULAR POLYGON. 

Defmitions. — A polygon is a figure contaised by three or 

more sides ; and it is also called re- ^ ^ ,^ 

gular when aJI its sides and angles /jy^ 

are eqnal. // \ 

is the centre of the polygon. \J\ 

OH is the radius of the inscribed ^ ' 

circle. \\ / 

OA is the radius of the circum- n \)C^ 

scribed circle. ^^ ^ — 

The perimeter of a regular polygon is the length of each 
side multiplied by the number of sides. 

If lines be drawn from centre o to the angles at a, b, c, 
&c., the figure will then be divided into equal triangles 
OAB, OBC, &c. 

Rules, — (1) To find the a/rea of a regular polygon^ 
when a side, and the perpendicular vpon it from 
the centre^ are gi/ven. 

Multiply the length of each side by the number of 
sides, and this product again by the perpendicular 
drawn from the centre to the middle of one of the 
sides ; and half the product is the area of the polygon. 

(2) To find the area, when only the length of each 

aide is gvoen. 

Multiply the square of the side given by the num- 
ber standing opposite the name of the polygon in 
the subjoined table ; and the product is the area of 
the polygon. 
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Tablb of Multifubbs. 



No. of 
Sides 


^■™* Multlpliera 


No. of 
Sides 


Name 

Octagon 

Nonagon 

Decagon 

Undecagon 

Dodecagon 


Area 
MaltiplieiB 


3 { 

4 i 

5 
6 

7 


Trigon or ) 
Eqai-triangle \ 
Tetragon or j. 
square ^ 
Pentagon 
Hexagon 
Heptagon 


-4330 

1 

1-7206 
2-5981 
3-6339 


8 

9 

10 
11 
12 


4-8284 

6-1818 

7-6942 
9-3656 

11-1962 

1 



Note 1. — To find tlie length of eacli side, when the area 
and the perpendicular drawn from the centre to the middle 
of one of its sides are given. — Divide double the area by 
the perpendicular, and the quotient is the sum of all the 
sides. Again, divide the sum of all the sides by the num- 
ber of sides in the polygon, and the quotient is the length 
of each side. 

Note 2. — ^To find the length of each side when the area 
only is given. — ^Divide the area by the number standing 
opposite its name in the preceding table ; then, the square 
root of this quotient is the length of the side. 

Note 3. — In some cases it will be possible to find the 
area of a regular polygon when only one side is given, 
without using the table above and without recourse to Tri- 
gonometry. This can be effected in the case of a regpilar 
hexagon. 

Since by Euclid (1. 15) all the angles at point o are equal 
to 360**, 

therefore the angle aob in the regular hexagon (see 

figure above) =—^ =60**. 

And also since oa=ob, 

therefore the angle 0AB=angle OBAa=60^ 

Hence, each of the three angles of the triangle oab is 
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equal to 60^ ; and therefore the triangle o ab is eqniangnlar, 
and consequently equilateral 

Therefore the area of a regular hexagon is=:6 times the 
area of the equilateral triangle oab, which can easily be 
found by Enle 2, Prob. V. 

Note 4. — ^In the table which has been given, it will be 
seen that the multipliers for the area have been carried 
down to only four figures, but they will be found sufficiently 
accurate for all practical purposes. 

Example 1. — ^Find the area of a regular hexagon, when 
each side measures 20 ft., and the perpendicular from the 
centre to the middle of one of the sides is 17*32 fb. 

Now, the sum of the sides or perimeter of the figure 
=6 X 20=120 ft. 
Then, area of hexagons^ (perimeter x perpendicular) 

=1 X 120 X 17-32=1039-2 sq. ft. 

Example 2. — ^Find the area of a regular octagon, each 
side of which is 30 ft. 

Now, the multiplier standing opposite ' octagon ' in the 

table is 4*8284. 

Then, area of octagon = square of tJie side multiplied by 

4*8284 

=30« X 4*8284=900 x 4*8284 

=4345-56 sq. ft. 



FormulaB - 



'^ J * perimeter X perpendicular 

n. Area=side^ X number standing op- 
posite name of polygon. 



Examples. 

(1) Find the area of a trigon or equilateral triangle 
whose side is 2 ft. 6 in. 

(2) Find the area of a regular hexagon, each side of 
which is 60 ft. 
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(3) Find the area of a regular heptagon, each side of 
/vhich measures 30 ft. 

(4) Each side of a regular octagon is 30 ft., and the per- 
pendicular drawn from the centre to the middle of one of 
its sides is 36*213 ft. ; find its area. 

(5) The length of each side of a grass-plot, which is 
in the shape of a regular decagon, is 80 Iks.; find the 
area. 

(6) Each side of a regular heptagon measures 20 ft., and 
the perpendicular drawn from the centre to the middle of 
one of its sides is 20*764 ft. ; find the area. 

(7) Find the eicpense of walling-in a plot of land, in the 
shape of a regular hexagon, contaiuing 1039*24 sq. yds., at 
7s. 6d. per yd. 

(8) An entrance hall, which measures 33 sq. yds. 
4 sq. ft. 111*6 sq. in., is to be paved with mosaic-tiles, in 
the shape of a regular octagon, each side of which is 3 in. ; 
how many will be required ? 

(9) The perimeter of a regular hexagon is 480 ft., and 
that of a regular octagon is the same ; compare the areas 
of the two figures. 



IX. THE IBBEGULAR POLYGON. 

Definition, — ^An irregular polygon is a figure contained 
by three or more sides, whose sides and angles are not 
equal. 

BuLE. — To find the area of cm i/rregular jpolygon. 

Divide the figure, in the most convenient manner, 
into triangles, trapeziums, &c. Then the area of 
the polygon is the sum of the areas of the different 
figures. 
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Example, — ^Find the area of the irregular polygon 
ABODE (see fig.)} when the following dimensions are 
given: — ^The diagonals AC 
and AD are 10 chains 30 
links and 8 chains 15 links 
respectiyelj, and the per- 
pendiculars BO, HD, and 
EF are 4 chains 10 links, 
6 chains 10 links, and 4 
chains respectivelj. 

Now, the figure abcde= trapezium abcd+ triangle adb. 
Area of trapezium ABCD=:^^i^i^^±5^) 

10 ch. 30 Iks. X lOch. 20 Iks. 




=525300 sq. links ; 

J i»x__« 1 AD X EP 8 ch. 15 Iks. X 4 ch. 
andareaofteangleAED= _ ^ 

=163000 sq. links. 

Then, area of polygon abode 

=525300 sq. Iks. + 163000 sq. lks.=688300 sq. links. 
=6 ac. 3 roods 21 poles 8*47 sq. yds. 

Examples. 



(1) Find the area of the field 
ABCD, when the following mea- 
surements are given: — The dia- g 
gonal BD is 10 chains 14 links ; 
the perpendicular ae upon it 
8 chains 5 links ; and the side BC, 
which is perpendicular to bd, 6 chains 25 links. 
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(2) In the field A BCD the 
following measurements are 
taken : — ^AB=39 yds., BC=143 
yds., CD = 168 yds., ad=280 
yds., and bd=305 yds. Find 
the area. 



(3) Find the area of the field 
ABODE, when the following mea- 
surements are given: — ^ab measures „ 
61 yds., bc 140 yds., CD 23 yds,, 
ED 91yds., AE 69yds. 

Also the diagonal bd measures 
159 yds., and the diagonal be 
100 yds. 

(4) Find the area of the 
field abode, when the follow- 
ing measurements are given : 
— The diagonal be 108 yds., 
and the perpendiculars AF 
and CG upon it 49 yds. and 
67 yds. respectively. 

The diagonal eo measures 
96 yds., and the perpendicular dh upon it 35 yds. 

(5) Find the area of 
the field abode, when 
the following dimensions 
are given ; — ab = 85 yds., 
Bc= 76yds., CD=:87yds., 
DE=100 yds., EP=:17 ^ 
yds., and AP=105yd8. 

Also the diagonals are: 
AC=105 yds., CB=143 
yds., and ae=s116 yds. 
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(6) In taking mea- 
surements of the plot of 
land ABODE, it is found 
that the diagonal bd 
measures 475 yds., and ^ 
that the perpendicular 
AF, -which rises at F, a 
distance of 175 yds. from C 
B, measures 160 yds. 

Proceeding on to 0, a distance of 320 yds. from b, it is 
found that the perpendicular c O is 160 yds., and then at 
H, a distance of 420 yds. from b, it is found that the per- 
pendicular eh is 90 yds. Find the area. 

(7) Given the following a 
measurements of the field 
abcdef; find the area. 
On the diagonal be, which 
is 323 yds. long, the dis- 
tance BG is 63 yds., and 
its perpendicular AG is 54 
yds., and the distance bh 
is 283 yds., and the per- 
pendicular FH is 60 yds. 

The diagonal ce is 312 yds., and its perpendicidar ed is 
115 yds. The side BC is 125 yds. 

(8) Find the area of the ir- 
regular field ABCDEFG, haying 
the following dimensions : — 
AD=170 yds., wG=40 yds., 
mB=66 yds., bd=82 yds., 
ac=26 yds., df=160 yds., 
eEs=30yds., and oG=56 yds. 
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X. OFFSETS. 

Definitions, — The area of a long irregular figure can best 
be found bj means of ordinates or offsets. Take any 




E 



F 

Fig. 1. 







B 



straight line ab, and at points A, £, F, o, &c, let ad, E6, 
f/^ &c., be drawn perpendicular to ab. Then these per- 
jpendiculara ad, Ee, f/, &c., are called ordinates or offsets. 




The offsets may be taken at equal distances ae, ef, fq, 
&c.y as in fig. 1 ; and also at unequal distances, as in 
^^. 2, in which case the whole figure is divided into 
triangles and trapezoids. 

Rules. — Tofimd the airea of a long irregular fi^re, 

(1) When the offsets a/re taken at equal distances 
(fig. 1). — To half the sum of the first and last 
breadths, add all the intermediate breadths ; divide 
the sum by the number of equ^al parts in the line ab 
(and not by the number of breadths), and the 
quotient is the mean breadth of the figure. Mul- 
tiply the mean breadth by the length of the figure, 
and the product is the area, nearly. 

D 2 
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(2) When the offsets are taken at unequal dis- 
tances (fig. 2). — ^Find the areas of all the triangles 
and trapezoids into which the figure is divided ; and 
their sum is the area, very nearly. 

Note 1. — Another rule also may be given, which can be 
used in cases where great accuracy is not essential. — Add 
all the breadths together, and divide by the number of 
them for a mean breadth ; multiply this mean breadth by 
the length of the figure, and the product is the area, 
nearly. 

Note 2. — The rules in this Section will give the area a 
little less than it actually is, but sufficiently correct for ail 
practical purposes; while the rule given in Note 1 gives 
the area more than it really is, and with less exactness than 
the other. 

Note 3. — ^AU the questions in this Section may be worked 
either by Rule 1 or Rule 2 : the first rule, however, is 
generally employed when the ordinates are taken at equal 
distances ; but when they are taken at unequal distances, 
it will be better to employ Rule 2. 

Example 1. — The perpendicular breadths or offsets of 
any irregular figure (fig. 1) at five equidistant places a, e, f, 
Ac, are 10 ft., 7 fb., 9 ft., 6 ft., and 8 ft., and its length is 
30 ft. ; find the area. 

By Rule 1: 10ft.=AD 

8ft . = BC 

2 )18" 

9 = half the sum of extreme breadths 



7\ 
9 

6J 



=intermediate breadths 



4)31 



7'75=mean breadth 
30 



232*5 sq. ft.=sarea, nearly. 
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Examiple 2. — Find the area of an irregular plot of land 
(fig. 2) from the following offsets taken in yards :— -At 12, 
10; at 30, 16; at 40, 24; at 64, 16; at 84, 20. 

Here the figure consists of one triangle and four trape- 
zoids ; hence the area of the figure is the sum of the areas 
of the triangle and trapezoids ; and the question may bo 
thus worked : — 

12x10=120 

18 X (10 + 16) =468 
10 X (16 + 24) =400 

24 X (24 +16) =960 

20 X (16 +20) = 720 

2)2668 

1334 square yards-area. 

Examples. 

[Questions 1 and 2 are worked by Rule 1 ; all the rest by 
Rule 2.] 

(1) Find the area of an irregular figure, when its length 
is GO fb., and its breadths, taken at six equidistant places, are 
24, 14, 16, 16, 18, and 22 ft. 

(2) Find the area of an irregular plot of land, which is 
40 yds. long, and its breadths, taken at six equidistant 
places, are 0, 4, 10, 16, 24, and 8 yds. 

(3) Find the area of a plot of land from the following 
oflfsets, taken in yards :— At 12, 20 ; at 20, 18 ; at 60, 60 ; 
and at 80, 40. 

(4) In measuring a plot of land, the following are the 
offsets taken in yards :— At 0, 60 ; at 20, 38 ; at 36, 30 ; at 
60, 16 ; and at 70, 0. Find the area. 

(6) In measuring a plot of land, the following offsets are 
taken in links :— At 0, 120 ; at 120, 164 ; at 200, 106 ; at 
260, 60 ; and at 300, 0. Find the area. 

(6) Find the area of an irregular plot of land when its 
offsets in yards are : at 0, ; at 30, 20 ; at 60, 34 ; at 100, 
26 ; at 140, 40 ; and at 180, 20. 
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XI. THE CIRCLE.— THE CIRCUMFERENCE AND 

DIAMETER. 

DefmUions, — ^A circle is a plane figure bonnded by a 
curved luie called the circtumfer^ 
ence or perimeterj and is such, 
tbat all lines drawn from tlie 
centre to tlie circumference are 
equal. 

AB is the dia/meter of the circle. 

AG or BO is the radius of the 
circle. 

Rules. — (1) To find the circumference of a circle, 
when its diameter is given. 

Multiply the diameter by ^ ; that is, multiply 
the diameter by 22, and divide the product by 7. 

(2) To find the diameter of a circle, when the cir* 

cwmference is given. 

Divide the circumference by ^ ; that is, multiply 
' the circumference by 7, and divide the product by 22. 

Note 1. — The above rules will give the answer with suffi- 
cient accuracy for all practical purposes. The length of 
the circumference, found by multiplying the diameter by 
2y*, will not be wrong to the one-hundredth part of the 
length of the radius. For instance, if the radius of a circle 
is 100 ft., then its circumference, obtained by multiplying 
the diameter by ^*, will not be 1 ft. wrong. 

Note 2. — If still greater accuracy is desirable, then, to 
find the circumference, multiply the diameter by 3*1416 
or by ^^ ; and to find the diameter, divide the circum- 
'^'^rence by 3*1416 or by ^|f . 




THE CmCLE. — ^THE CIECUMFEBENCB AND DIAMETER. 55 

Note 3. — The cirowmferences of circles have the same 
ratio to each other as their radii or diameters. Thns, if 
the diameter of a circle is doahle that of another, then its 
cirowmference is also double that of the other ; and if its 
diameter is three times as long, then its drcymference is 
three times that of the other ; and so on. 

Note 4. — Concentric circles are those which are drawn 
from a conmion centre. And 
in questions which involve the 
findhig of the space a a' between 

two concentric circles, when their ^, [ [ \ W 

circumferences are given, we 
must find the diameters AG and 
a' c' of the two circles by Rule 2. 
Then, half the difference of these 
two diameters is the width A a'. 

Examiple 1. — ^Find the circun^erence of a circle whose 
diameter is 11 '2 7 fb. 

The circumference = diameter x V =11*27 x V =^^7^-* 
=35-42 ft. 

Example 2. — ^The circumference of a circle is 37 ft. 5 in. ; 
find its diameter. 

Now, 37 ft. 5 in.=449 in. 

Then the diameter = 449 ^- V =449 x ^=ij|^=142^f in. 
r=ll ft. lOJf in. 

Example 3. — The fencing of a circular plot of land, at 
4a. 2d, per yd., costs £59 11a. %d, ; find its diameter. 

First, £59 11a. 8<i.-!-4a. 2d. gives 286 yards of fencing, 
^hich is also the circumference of the circle. 

Then, the diameter = circumference -s- V = 286 -h y := 
286 X ^=91 yds. 

F hn I ■^' Circumference=diameterx y. 
111. Diameters circumference x^. 
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Examples. 

Pind tlie circtunference of a circle whose diameter is — 

(I) Diameter 7 in. (2) Diameter 7 ft. 7 in. 

(3) Diameter 81 ft. 8 in. (4) Diameter 51 yds. ft. 5 in. 
(5) Diameter 1 ftir. 16 poles. (6) Diameter 9 cb. 24 Iks. 
(7) Diameter 3549 ft. (8) Diameter 11907 ft. 

Find the diameter of a circle whose drcnmference is — 

(9) Circumference 12 ft. 10 in. 
(10) Circumference 36 ft. 8 in. 

(II) Circumference 61 yds. ft. 4 in. 

(12) Circumference 6 fur. 24 poles. 

(13) Circumference 3 ch. 30 Iks. 

(14) Circumference 38-5 ft. 

(15) Circumference 314*16 ft. 

(16) The diameter of a carriage wheel is 3^ ft. ; how 
many revolutions does it make in traversing one-fourth of 
a mile ? 

(17) If a carriage wheel makes 220 revolutions in tra- 
versing half a mile, find its diameter. 

(18) There are two concentric circles : the circumference 
of the inner circle is 16 ft. 6 in., and of the outer ODe is 
18 ft. 4 in. Find the width of the ring. 

(19) There are two concentric circles : the circumference 
of the outer circle is 440 ft., and of the inner one is 330 ft. 
Find the width of the ring. 

(20) The walling-in of a circular plot of land, at 12*. 6d. 
per yd., costs £123 15«. ; find its diameter. 

(21) In raising water from the bottom of a well by 
means of a wheel, it is found that the wheel, whose dia- 
meter is 2 ft. 4 in., makes 30 revolutions in raising the 
bucket ; find the depth of the well. 

(22**) If the diameter of a well is 3 ft. 9 in., what is 
■ -» circumference ? 
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(23**) Find the radins of a circle whose perimeter is 
100 chains. 

(24) The minute-hand of a «lock is 5 in. long ; find the 
length of the circle that its point will describe in an hoar's 
time. 




Xn. THE AREA OF A CIRCLE. 



Definitions, — See Problem XI. 



Fig. 1. 

Rules. — (1) To find the area of a circle, when its 
radius or diameter is given. 

Multiply the square of the radius by %p ; or, 
multiply the square of the diameter by \^. 

(2) To find the area of a circle, when its circum- 
ference is given. 

Multiply the square of the circumference by -g^. 

Note 1. — To find the diameter or radius of a circle, when 
its area is given. — Divide the area by -fj, and the square 
root of the quotient is the diameter ; or, divide the area by 
^^, and the square root of the quotient is the radius. 

Note 2. — To find the circumference of a circle, when its 
area is given. — Divide the area by /g, and the square root 
of the quotient is the circumference. 

Note 3. — The above rules give the area of a circle with 
sufficient accuracy for all practical purposes ; but whenever 
greater accuracy is desirable, then the following rules may 
be used for finding the area of a circle : — ^Multiply the square 
of the diameter by '7854, and the product is the area ; or- 

D 3 
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multiply the square of the circumference by '07958, and 
the product is the area. 

Note 4. — ^The area of a circle is equal to that of a tri- 
angle whose base is equal to the circumference, and whose 
perpendicular is equal to the radius of the circle. 

Note 5. — Of all plane figures, the circle is that which 
contains the greatest area within the sa/me perimeter ; that 
is, if we have a square, a rectangle, a circle, or any other 
plane figure, all of which have the same perimeter, the 
circle will contain the greatest area. 

Note 6. — The diameter of a circle 
inscribed in a square, that is, of a 
circle which touches each side of a 
square abcd, is ef. 

And EF=AB=CD. 

Hence, the diameter of an in- 
scribed circle is equal to a side of 6 
the square. 

Note 7. — To find the side ab of a 
square inscribed in a circle abcd. — 
Since aob is a right-angled triangle, 
having two equal sides AO, ob (each of 
which is half the diameter of the circle), 
we shall be able to obtain ab, the hypo- 
thenuse, by B>ule 1, Prob. I. 




Or thus : the area of the square^ 



ACXBD 



Fig. 3. 
(see Note 4, 



Prob. IV.) = 



diameter* 



Having thus found the area of the inscribed square, its 
side will be found by taking the square root of the area. 

Note 8. — ^To find the side of a square that is eqnaJ in 
area to a given circle. — In this case, we must first find the 
area of the given circle ; and the square root of this area is 

"^ side of the required square. 
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Rg.4. 



Noted, — ^To find the area be- 
tween two concentric circles abg 
and DBF. — The area between the 
two circles is the difference be- 
tween the area of the larger circle 
ABC and of the smaller circle def ; 
and these areas can easily be fonnd 
bj the rules given in this chapter. 

Or, the area may be fonnd by 
either of the following rules : — 
(a) Multiply the sum of the radii of the two circles by their 
difference, and the product by *-^. (6) Multiply the 
sum of the outer and inner diameters by their difference, 
and the product by -^. 

Note 10. — The areas of 
circles are proportional to 
the squares of their radii, 
or to the squares of their 
diameters. 

Thus, 
Area of smaller circle : larger circle : : V ^ o^* • ^-f ^od^ 

::oa2 : qd«. 

In the same manner, it may be shown that their areas 
are proportional to their diameters, 

(a) For instance, if the radius (ao) of the smaller circle 
is 10 fb., and it is required to find the radius (od) of the 
larger circle, whose area is twice that of the smaller circle, 
we shall have the following proportion : — 

od' I oa' : : area of larger circle : area of smaller circle. 
Substituting the known terms, we have 

0D«: lo« :: 2:1; 

therefore od«=2 x 10*. 

And also the square roots of these quantities are equal ; 

therefore od=10 \/2=10 x l-414=14.14-|-ft. 




Fig. 6. 
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Hence, if the area of the reqtdred circle is doiible that of 
the given circle, then its radius is found by multiplying 

the radius of the given circle by \/2. 

If the area is to be three times as much, then its radius 

is equal to the radius of the given circle multiplied by ^^ 3 ; 
and so on. 

But if the area of the required circle is only half that of 
the given circle, then its radius is found by dividmg the 

given radius by ^/2 ; and if the area is one-thi/rd, then its 

radius is found by dividing the given radius by V3 ; and 
so on. 

[N,B. ^2=1-4142; v^3=r732 ; v'4=2, &c.] 

(&) Also the method- adopted in Note 5, b. Prob. II., 
may be used in the case of a circle, as well as in that of a 
square. 

Note 11. — To find the radii (OG and od) of two concentric 
circles which divide the circle abc into three equal 
parts. G 

(a) Now, the area of the circle 
QHEss^ area of circle abo. 

Therefore the radius OG (Note 

OA 

10)=OAX y/i=:^' 

That is, the radius 0G= radius 
of the whole circle divided by the 
square root of 3. 

Also, the area of the circle dbp ^' ^' 

=:f area of circle abc 

Therefore the radius OD (Note 10)=OAX ^/^, 
That is, the radius 0D=radius of the whole circle multi- 
plied by a/|. 

(&) But a question like the preceding may be worjied 
in the following manner : — 

^^t, find the area of the circle abc, whose radius is 
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given ; and ^ of this area is the area of the circle qhk. 
Then the radius of this circle ghk may be fonnd by Note 1. 

Again, the area of the circle d bf is § of the area of the 
circle ABC. And haying thus got the area of the circle 
DEF, its radins can be found by Note 1. 

We shall thus have found the two radii oa and od. 

EoMumjole 1. — Find the area of a circle whose diameter is 
lift. 

Area of circle = diameter^ x |J^ = 11* X fj = 121 x H = 
J 3|J.=:95^ sq. ft.=95 sq. ft. lOf sq. in. 

Example 2. — The area of a circle is 52 sq. ft. 58 sq. in. ; 
find its diameter. 

Now, 52 sq. ft. 58 sq. in. =7546 sq. in. 



Then, diameter = V 7546-r-il = ^^7546 x ^4 = a/9604= 
98 in. =8 ft. 2 in. 

Example 3. — A gravel walk, which is 1 yd. wide, runs 
round the outside of a circular plot of land, whose diameter 
is 60 ft. ; find the area of the' walk. 

The diameter de (fig. 4) =60 ft. 

And diameter ab=de+ad + eb=:de + 2 width of walk= 
60ft.+2yds.=66ft. 

Then (Note 9, a), sum of the radii of two circles=33 + 
30 = 63 ; and difierence of two radii =33 -30 =3. 

Therefore area of walk=63 x 3 x V = 594 sq. ft. 

Example 4. — The diameter of a circle is 30 in. ; find the 
diameter of another circle whose area is double that of the 
given circle. 

Since the area of the required circle is double that of the 
given circle, 

therefore (by Note 10, a) the diameter of the required 
circle = diameter of given circle x V^ 

=30x ^/2=30x 1-414+ 
=42 -42+ in. 
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Or, by Note 10, b, the area of given circles=30* x xt= 
4iV-" sq. m.=707| sq. in. 

Therefore area of required circles=area of given cirele x 
2=707|x2=1414f sq. in. 

And its diameter= vi414fx|J== a/1806=42-42 +in. 

I. Area=radiu8* x V —diameter* x W 
=cirenmference* x ^. 

n. Diameter = Varea X 44* 



Formula 



1 



I 



m. Badinsss'v/area X 7^7 



■j^. 



,IV. Circiimference=:-v/areax y. 



Examples. 
Find the area of the cirele whose diameter is — 

(I) Diameter 1 ft. 2 in. (2) Diameter 15 ft. 2 in. 
(3) Diameter 22 ft. 2 in. (4) Diameter 4 yds. 2 ft. 
(5) Diameter 16'4 yds. (6) Diameter 18 yds. 2 ft. 
(7) Diameter 3 ch. 22 Iks. (8) Diameter 98 ft. 

Find the area of the circle whose circumference is — 

(9) Circumference 7 ft. 4 in. (10) Circumference 44 ft. 

(II) Circumference 14 ft. 8 in. 

(12) Circumference 264 yds. 

(13) Circumference 2 miles. 

Find the diameter of the circle whose area is — 

(14) Area 616 sq. in. (15) Area 1095 sq. yds. 1 sq. ft. 

(16) Area 2 roods 1 pole 13| sq. yds. 

(17) Area 1 ac. 2 roods 9 poles 13| sq. yds. 

(18) Area 6 acres. 

Find the circumference of the circle whose area is — 

(19) Area 38 sq. ft. 72 sq. in. 

(20) Area 2 ac. 2 roods 12 poles 11 yds. 

(21) Area 1 ac. 4104 sq. Iks. 

(22) Area 2 acres 176 sq. yds. 
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(23) Find the area of a semicircle, wHen tbe radius of 
tlie circle is 14 ft. 

(24) Find the number of square yards in a quadrant, 
-when the radius of the circle, of which the quadrant is part, 
is 7 ft. 

(25) The diameter of a circle is 56 ft. ; find the length 
of the side of a square equal in area to the circle. 

(26) The area of a square is 196 sq. ft. ; a circle is in- 
scribed in the square touching each side of it. Find the 
area of the circle. 

(27) Find the cost of enclosing a circular garden, con- 
taining 2 roods 1 pole 13| sq. yds., with a wall, at IBs. 6d, 
per yd. 

(28) A circular fish-pond, which covers an area of 
3 ac. rood 29 poles 2f sq. yds., is surrounded by a walk 
3 yds. wide ; find the expense qf gravelling the walk at 4id, 
per sq. yd. 

(29) All round a circular plot of land, which contains 

2 ac. 2 roods 12 poles 11 sq. yds., is to be constructed a 
walk of uniform width ; what must be its width that it 
may cover exactly ^ of an acre ? 

(30) The diameter of a circular grass-plot is 28 ft. ; find 
the diameter of another circular grass-plot which is double 
the size. 

(31) A square piece of wood is 5 ft. 10 in. long ; out of 
it is cut the greatest possible circle. Find how many square 
inches of wood are cut away. 

(32) Out of a circular piece of wood, whose diameter is 

3 ft. 4 in., is cut the largest possible square ; find the length 
of its side. 

(33) The largest possible circle, whose area is 17 sq. ft. 
16 sq. in., is cut out of a square piece of wood ; find how 
much larger the square is than the circle. 

(34) The side of a square is 11 ft. ; find the diameter of 
a circle equal in area. 

(35) The diameter of a circle is 7 ft. ; find the side of a 
square that has the same area as the circle. 



64 THE ABEA OF A CIRCLE. 

(36) Find the area between two oonoentric circles, when 
the circumference of the onter circle is 440 ft. and of the 
inner one 352 fb. 

(37) Find the expense of gravelh'ng a walk, 2 yds. wide, 
running round the outside of a circular shrubbery, whose 
diameter is 70 yds., at lOd. per sq. yd. 

(38) Find the area of a circular ring, 4 ft. wide, when 
the diameter of the outer circle is 64 ft. 

(39) In a square room, whose side measures 17 fb. 6 in., 
is to be dug a circular bath, whose circumference touches 
the walls of the room. Find the area of the bath, and also 
the space left in the comers. 

(40) The perimeter of a circle, of a square, and of an 
equilateral triangle is 132 fb. ; compare the areas of these 
three figures. 

(41*) A circular grass-plot, whose diameter is 40 yds., 
contains a gravel walk, 1 yd. wide, running round it 1 yd. 
from the edge. What will it cost to turf the gravel walk, 
at 4id. per sq. yd ? 

(42**) What is the expense of paving a circular court 
30 fb. in diameter, at 28. Sd. per sq. fb., leaving in the centre 
an hexagonal space, each side of which measures 2 fb. ? 

(43**) A room, 26 fb. 3 in. long and 14 fb. 6 in. wide, has 
a semicircular bow 21 ft. in diameter thrown out at one 
side ; find the area of the whole room. 

(44**) A circle 18 ft. in diameter is divided into three 
parts by two concentric circles ; find the lengths of their 
radii, so that the inner circle and two rings may all be 
equal to one another. 

(45*) A square courtyard has a circular basin in the 
middle of it, which is 13 ft. in diameter, a side of the court 
being 36 fb. ; find what it will cost to gravel it, at ^. a 
square foot — a flower-bed, 4 fb. wide, being left round three 
sides. 

(46) A circular field, containing 10 ac. 1 rood 9 poles 
1 ^4 sq. yds., is to be enclosed with a fence all round, which 
1^. 9d, per yd. ; find the expense. 
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(47) A gardener has a circular garden plot, containing 
3 roods 7 poles S^ sq. yds., which he desires to plant with 
three different kinds of trees, and all ocenpying the same 
extent of ground ; one kind being planted so as to form a 
circle in the middle ; round this a belt of a different kind ; 
and outside of this another belt containing a third kind. 
What is the diameter of the middle part, and what is the 
width of the two belts ? 

(48) A circular-fish pond, whose diameter is 98 yds., is 
to be planted all round it to an uniform width, so that the 
plantation may contain the same area as the fish-pond; 
find the width of the plantation. 

(49*) A gravel walk, 4 ft. wide, is made round a circular 
court 90 yds. in diameter ; the making of the path costs Sd. 
per sq. yd., and a border along its inner edge costs dd, a 
yard. Find the lotal cost. 

(50**) Calculate the expense of making a moat round a 
circular island, at 28. 6d. per square yd. ; the diameter of 
the island being 525 ft., and tiie breadth of the moat being 
21 ft, 6 in. 



Xin. THE CHORDS OF A CIRCLE. 

BefiniUon, — ^Any part of the circumference of a circle, as 
ACB, is called the arc acb. 

A B is the cliord of the arc agb. 

AD or BD is half the cliord of the 
arc AC B. 

AC is the cliord of half the arc kCB, 

CD is the height or versed sviie of 
the arc aob. 

c F is the diameter of the circle, 
and E the centre of the circle. 




N.B. — The following rules are derived from these tw' 
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important formnlsB, which, if thoroughly impressed upon 
the mind, will enable the student to work the questions in 
this chapter without referring to the rules given below: — 

AD*=PDXCD; 
AC*=CDXCF. 

BuLES. — (1) To find (cp) the ddameter of a circle, 
when (ab) the chord of the arc, and (cd) tJie lieight 
of the arc are given. 

Divide the square of (ad) half the chord by (cd) 
the height of the arc ; and the quotient will be 
(df) the part of the diameter wanting; to which 
add (g d) the height of the arc, and the sum will be 
the diameter (cf). 

(2) To find (cf) the diameter of a circle^ when (ac) 
the chord of half the arc OAnd (cd) the height 
are given. 

Divide the square of (ac) the chord of half the 
arc by (cd) the height of the arc, and th6 quotient 
is (cf) the diameter of the circle. 

(3) To find (ab) the chord, when (cf) the diameter 
and (c d) the height of the arc are given. 

Multiply together the two parts (cd and df) into 
which the diameter (cf) is cut by the chord (ab) ; 
and the square root of this product gives (ad or 
bd) half the chord of the arc. The double of this 
will be (ab) the chord of the arc. 

(4) To find (ac) the clwrd of half the arc, when (cd) 
the lieight of the arc aiid (cf) the diameter are 
given. 

Multiply together (cf) the diameter and (cd) the 
height of the arc ; and the square root of the product 
is (ac) the chord of half the arc. 
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(5) To find (cd) ilie height of the arc, when (ac) tJie 
chord of half the a/rc, amd (of) the dia/meter, are 
given. 

Divide the sqnare of (ac) the chord of half the 
arc bj (cf) the diameter of the circle ; and the 
quotient is (cd) the height or versed sine of the arc. 

Note 1. — ^The formula ad*=df x cd can be thus proved : 
In the figure given above, because ade is a right-angled 

triangle, we have (see Rule 2, Prob. I) : 

ad*=ae2— DB*=EF*— DE^ (siuce EF=AE, being radii 

of the circle) 

=(bf+db)(bf— de)=fd(bc— db), since ef=bc; 
therefore a d^=f d x c d. 

Note 2. — The formula ac'=cd x of can be proved in the 
foUowing manner :— 

Since a DC (see figure given) is a right-angled triangle, 

we have 

ac*=ad^+cd'. 

But in Note 1, it has been proved that ad^=fd x cd. 
Substituting this, we have 

ac*=(fdxcd)+cd*=cd(fd+cd)=cdxcf. 

Note 3. — The arch of a bridge is fi^quently in the shape 
of the arc of a circle, in which case 

CD is the rise, or versed 
sine, or height above the 
piers. 

AB is the span or chord 
of the arch. 

c, the middle point of 
the arch, is the crown. 

AC is the distance of 
the spring of the arch to the crown c, or the chord of half 
the arch. 

oc is the radius with which the arch was drawn. 
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Example 1. — The chord of an arc is 30 inches, and its 
height is 10 inches ; find the diameter of the circle. 

Now, by Rule 1, (fd) part of the diameter wanting 
= chord* -i- heigh t. 
=302-f-10=900 -5-10=90 inches. 
Then diameter = (fd+cd) = 90+10= 100 in. = 8 fl. 
4 in. 

Example 2. — The chord of half an arc is 12 ft. 8 in., and 
the height of the chord is 1 fb. 7 in. ; find the diameter of 
the circle. 

Now, 12 ft. 8 iii.=:152 in. ; and 1 fl. 7 in.=19 in. 
Then, by Bole 2, diameter = square of chord of half the 
arc divided by height 

=152«-&-19=28104-^.19=1216 in.=101 ft. 4 in. 

Example 3. — The height of an arc is 16 ft., and the disr- 
meter of the circle is 65 ft. ; find the chord of the arc. 

The two sections (cd, df) into which the diameter is 
divided are 16 and (65—16), or 16 and 49 ft. 

Then by Knle 3, ad, half the chord of the arc 



= ^/CDXDF=A/16x49=v'784=28ft. 
Therefore ab, the chord of the arc, =2 x 28=56 ft. 

Example 4. — ^The height of an arc is 36 ft., and the dia- 
meter of the circle is 196 ft. ; find the chord of half the arc. 

By Bule 4 : AC, the chord of half the arc, = square root 
of the product of the diameter and height. 

= ^/196x 36= ^/ 7056=84 ft. 

Example 5. — The chord of half an arc is 36 ft., and the 
diameter of the circle is 108 ft. ; find the height of the arc. 

• _ 

By Rule 5 : The height of the arc = chord of half the 
arc* -5- diameter 

= 362-5-108=1296-^.108=12 ft. 



Formalce 
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Trincipal: (L) ad*=dfxCD. 

(IL) AC' = CDXOF. 

Derived from above (III.) CF= ^ +cd. 

CD 

(IV.) CF = ^£*. (V.) CD=^.^'. 
CV CF 

(VL) AC= V'CDX cv' 

(VII.) ab«2ad=2^cdxdf. 

Examples. 

(1) The chord of half an arc is 25 fb., and the height of 
the arc is 15 ft. ; find the diameter of the circle. 

(2) The chord of half an arc is 17 ft., and the height of 
the arc is 7 ft. ; find the diameter of the circle. / 

(3) The chord of half an arc is 17 ft. 9 in., and the 
height of the arc is 6 ft. 8 in. ; find the diameter of the 
circle. 

(4) The chord of half an arc is 25*5 ft., and the versed 
fline of the arc is 5*1 ft. ; find the diameter of the circle. 

(5) The chord of half an arc is 15 ft., and the diameter 
of the circle is 40 ft. ; find the height of the arc. 

(6) The chord of half an arc is 12 ft., and the diameter 
of the circle is 36 ft. ; find the height of the arc. 

(7) The chord of half an arc is 28 ft., and the diameter 
of the circle is 56 ft. ; find the height of the arc. 

(8) The chord of half an arc is 60 ft., and the diameter 
of the circle is 125 ft. ; find the height of the arc. 

(9) The height of an arc is 9 in., and the diameter of 
the circle is 25 in. ; find the chord of half the arc. 

(10) The height of an arc is 2 ft. 1 in., and the diameter 
of the circle is 14 ft. 1 in. ; find the chord of half the arc. 

(11) The height of an arc is 4*9 ft., and thei diameter 
of the circle is 12 1 ft. ; find the chord of half the arc. 

(12) The chord of half an arc is 17'5 ft., and the dia- 
meter of the circle is 175 ft. ; find the height of the arc. 
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(13) The cbord of an arc is 24 in., and the height of the 
arc is 9 in. ; find the diameter of the circle. 

(14) The chord of an arc is 4 ft. 4 in., and the height of 
the arc is 1 ft. 1 in. ; find the diameter of the circle. 

(16) The span (chord) of a bridge, the form of which is 
an arc of a circle, is 78 ft., and its height above the stone 
piers is 12 fb. ; find with what radius it was described. 

(16**) The span of a bridge, the form of which is an 
arc of a circle, being 96 ft., and its height being 12 fb., with 
what radios was it described ? 

(17) The height of the arch of a bridge, the form of 
which is an arc of a circle, is 24 ft., and the radius with 
which it is described is 312 ft.; find the span of the arch. 



'XIV. THE ARC OF A CIRCLE. 

Bepmtions, — ^An arc of a circle is any part of the circum- 
ference, c 

Thus ACB is an arc of a circle 
less than a semicircle. 

And AFB is an arc greater than 
a semicircle. 

The angle aeb is the a/ngle sub- 
tended at the centre bj the arc A c b. 

The circumference of any circle 
contains 360°. 

The arc acb bears the same ratio ^ 

to the circumference of the circle that the angle aeb does 
to 360^ 
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EuLES. — (1) To find the length of the a/rc of a circle^ 
when the nv/mber of degrees i/n the a/ngle subtended 
hy the arc at the centre, a/nd theradms of the cvrcle, 
are given. 

The radius of the circle being given, find its cir- 
cumference by Rule 1, Prob. XI. 

Then we have the following proportion for finding 
the length of the arc : — 

860° : number of degrees in angle at centre : : cir- 
cumference \ required length of arc. 

(2) To find the ntimher of degrees in the a/ngle sub" 
tended by the a/rc at the centre of a ci/rclej when the 
radms of the circle a/nd the length of the a/rc a/re 
given. 

The radius of circle being given, find its circum- 
ference by Rule 1, Prob. XI. 

Then we have the following proportion for finding 
the number of degrees in the angle at the centre : — 

Circumference of circle ; length of arc : : 360° I 
number of degrees subtended by arc. 

(3) To fmd the length of a/n a/rc of a circle less tha/n 
a semicircle, when the chord of the arc a/nd the 
d/iameter of the circle a/re given. 

From 8 times the chord of half the arc subtract 
the chord of the whole arc ; divide the remainder 
by 3, and the quotient is the length of the arc, 
nearly. 

Note 1. — The answers obtained by Rule 3 will not be 
quite correct, but they will be sufficiently correct iu ' all 
cases when the arc is less than a semicircle. 

Note 2. — ^When it is required to find the length of an 
arc AFB| greater than a semicircle, it will be better to fin^ 
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first, the length of the remaining arc acb by the preceding 
roles. 

Then the length of the arc afb:= circumference of 
circle— arc acb. 

Note 3. — If it is desirable to find the length of the arc ^th 
still greater accoracj than is possible by Btde 3, we may 
proceed thus : — 

If the diameter is not given, find it by the rnles given 
in the last chapter. Then subtract |^ of the height of the 
arc from the diameter ; divide § of the height by the re- 
mainder; and to the quotient add 1. Then multiply this 
sum by the chord of the arc, and the product is the length 
of the arc, very nearly. 

Example 1. — The circumference of a circle is 50 inches, 
and the angle subtended at the centre by the arc is 80^ ; 
find the length of the arc. 

By Rule 1, we have : 

360'' : 30^: : 60 in. : required length of the arc ; 

and from this proportion we get 4^ in. — ^length of the arc. 

Excumple 2. — The radius of a circle is 28 inches, and the 
angle subtended at the centre by the arc is 45^ ; find the 
length of the arc. 

First, the circumference of the circle, by Rule 1, Prob. XI., 
is = 56xV=:176in. 

Then we have, by Rule 1 : 

360** : 45**: : 176 inches : required length of the arc. 

From this proportion we get 22 in. — ^length of the arc. 

Example 3, — The arc of a circle is 10 in. ; the radius 
of the circle id 12 in. Find the angle subtended at the 
centre by the arc. 

The circumference of the circles?; V X V=^^5f ?»• 
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Then by Rule 2, we have : 

75 '^ inches 1 10 inches 1 1 860° I required angle subtended 
bj the arc. 

From this proportion we obtain 47-^**, the anglQ sub- 
tended at the centre. 

Example 4. — The chord of an arc less than a semicircle 
is 20 ft., and the chord of half its arc is 10198 ft. ; find 
the length of the arc. 

By Rule 8 : 10198 x 8=81-584 

Subtract 20 

8) 61-584 
20*528 ft., length of arc, nearly. 

Bxample 5. — Find the length of the arc of a circle less 
than a semicircle ; the chord of the arc is 20 ft., and the 
diameter of the circle is 29 ft. 

In the right-angled triangle ad e (see the figure) we have 
DB= ^/ae2^;^ad«= -v/i¥5«^10*"=10-5 ft. ; 
and CD=CB—DE=14-5— 10-5=4 ft. 

Again, in the right-angled triangle ado, we have 
AC, chord of half the arc,= >^/ad2Tdc^= > lOH 4«= 
VlT6= 10-77 ft. 
Then, by Rule 3, we have : 
10-77 X 8=86-16 
Subtract 20 

8 )66-16 
22 05, length of the arc, nearly. 

I. 860° I number of degrees in angle at 

centre \ I circumference of circle 

I required length of arc. 

II. Circumference of circle : length of 

the arc : : 860* : number of de- 

grees in angle at centre. 

o 



Formuka 
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Examples. 

(1) The radins of a circle is 10'5 in. ; the angle sub- 
tended bj the arc at the centre is 60^ ; find the length of 
the arc 

(2) The diameter of a circle is 85 in. ; the angle sub- 
tended by an arc at the centre is 36° ; find the length of 
the arc. 

(3) The arc of a circle is 6 ft. 5 in. ; the radins of the 
circle is 8 fb. 2 in. ; find the angle subtended at the centre 
by the arc. 

(4) The radins of a circle is 7 in. ; the length of an arc 
is the same; find the angle at the centre snbtended by 
the arc. 

(5) The radins of a circle is 5 fb. 3 in. ; find the -whole 
perimeter of a sector, the angle of which is 45®. 

(6) The arc of a circle is 5 ft. 6 in. ; the angle snbtended 
by the arc at the centre is 72° ; find the radins of the circle. 

(7) The arc of a circle is 26*4 ft. ; the angle snbtended 
by the arc at the centre is 36°; find the radios of the 
circle, of which the arc is a part. 

(8) The radius of a circle is 84 ft. ; the angle subtended 
afc the centre by an arc is 11° 15'; find the length of the 
arc. 

(9) The chord of an arc is 32 in. ; the radius of the 
circle is 34 in. ; find the arc. 

(10) The chord of an arc is 2 ft. ; the radius of the circle 
is 1 ft. 3 in. ; find the arc. 

(11) The chord of an arc is 64 ft. ; the height of the arc 
is 24 ft. ; find the arc. 

(12) The chord of an arc greater than a semicircle is 
70 ft. ; the radius of the circle is 37 ft. ; find the arc. 

(13) The diameter of a circle is 106 ft. ; find the lengths 
of the two arcs into which a chord of 90 ft. would divide it, 

(14) The chord of an arc is 240 ft. ; the height of the 
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arc is 64 ft. ; find the diameter of the circle, and also the 
length of the arc. 

(15) The span of a bridge, the form of which is a^ arc 
of a circle, is 200 ft. ; its height is 42 fb. ; find the length 
of the arch of the bridge. 

(16) The rise or height of a bridge, the form of which is 
an arc of a circle, is 12 ft., and its span is 78 fb. ; find the 
length of the arch of the bridge. 

(17) The span of each of the three arches of a bridge, 
the form of each being the arc of a circle, is 240 ft., and 
the height of the crown in each above the stone piers ia 
24 fb. ; find the length of each arch. 



XV. THE SECTOR OF A CIRCLE. 

Definitions. — The sector of a circle is the figure bounded 
by two radii and the part of the circumference between 
them. 

Thus AOCBA is the sector of a circle, b 

being bounded by the two radii oa ^y^ ^^\c 

and oc, and the arc abc between /\. /\ 

them ; and is less than a semicircle. / >^ /^ \ 

AOO is the am^le of the sector aoo B a, [ ^5 I 

or the angle subtended by the arc V / 

ABC \^ y 

Also ADCOA is the sector of a circle ^ 

greater than a semicircle, being ^ 

bounded by the two radii oa and oc, and the arc adc. 

The straight line AO is the chord of the sector. 

Rules. — (1) To find the a/rea of a sector, when the 
radms of the circle a/nd cmgle of sector a/re given. 

Find the area of the circle by rules in Prob. XII. 

b2 
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Then we hare the following proportion for finding^ the 
area of the sector : — 

360° I nomber of degrees in angle of sector 1 1 area of 
circle : required area of sector. 

(2) To find the area of a sector, when the raditu of 
the circle a/nd the arc are given. 

Multiply the length of the arc bj the radius, and 
divide the product by 2. 

Note 1. — ^To find the radius of the circle, when the area 
of the sector and the number of degrees in the angle of the 
sector are given. — The area of the circle must first be found 
from the following proportion : — 

Number of degrees in the angle of the sector : 360^ : : 
area of sector : required area of circle. 

Then, having found the area of the circle, its radius can 
be found by Note 1, Prob. XII. 

Note 2. — If the sector be greater than a semicircle, as, for 
instance, the sector adcoa, then it will be better to find, 
first, the area of the sector abcoa, which is less than a 
semicircle, by either of the preceding rules. 

Then the sector ADC0A=:area of circle— sector aocba. 

Example 1. — Find the area of the sector of a circle 
whose radius is 10 inches, and whose arc subtends at tb.e 
centre an angle of 18^. 

Now, area of circle= V xlO*=^V^ sq. in. 

Then, by Rule 1 : 360** : IS** : : U}^ sq. in. : required 
area of sector. 

From this proportion, we find that 15f sq. in. is the area 
of the sector. 

Example 2. — The radius of a circle is 4 ft.; the arc of a 
sector of the circle is 3 ft. 4 in. ; find the area of the 
sector. 
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By Rule 2 : Area of Bector=^ x arc x radius =^ x 40 x 48 
=960 sq. in. = 6 sq. ft. 96 sq. in. 

Bxample 3. — The chord of a sector is 56 in. ; the radius 
of the circle is 85 in. ; find the area of the sector. 

In this example, we must first find the chord of half the 
arc, which is 31*304 in. 

Then, by Rule 3, Pf ob. XIV. : Length of the arc 
=^(8x31-304 -56) =64-81 in. 

Therefore, area of sector =^ (arc x radius) =i x 64*81 x 35 
= 1134175 sq. in. 

I. Area of sector =^ x arc x radius. 
II. 360° : number of degrees in angle of 
sector : : area of circle I required 
area of sector. 
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EXAMPLES. 

(1) The radius of a circle is 14 in. ; the angle which the 
arc subtends at the centre is 45° ; find the area of the sector. 

(2) The radius of the circle is 2 fb. 11 in.; the angle of 
the sector is 24° ; find the area of the sector. 

(3) The radius of a circle is 56 ft. ; the angle subtended 
by the arc at the centre is 22^° ; find the area of the sector. 

(4) The area of the sector of a circle is 385 sq. ft. ; the 
angle of the sector is 36° ; find the radius of the circle, and 
also the whole perimeter of the sector. 

(5) The area of a sector is 48*125 sq. ft. ; the angle of the 
sector is 18° ; find the radius. 

(6) The chord of a sector is 30 ft. ; the radius of the 
circle is 25 ft. ; find the area of the sector. 

(7) The chord of an arc is 40 ft. ; the radius of the circle 
is 25 ft. ; find the area of the sector. 

(8) The arc of a circle greater than a semicircle is 86 ft. ; 
the radius of the circle is 21 ft. ; find the area of the sector. 

(9) The chord of a sector is 20 ft. ; the radius of the 
circle is 14*5 ft. ; find the area of the sector. 

(10) The chord of the sector of a circle is 56 ft. ; f ^ 
radius of the circle is 53 ft. ; find the area of the sector 
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XVI. THE SEGMENT OF A CIECLE. 

Defimtions, — The segment of a circle is any part of a 
circle bounded bj an arc and its chord. 

ABC A is a segment loss than a 
semicircle, being boanded by the 
arc ACB and the chord ab. 

t 

ABDA is a segment greater than 
a semicircle, being bounded by 
the arc adb and the chord ab. 

N.B. — Segment abca = sector 
A OBC A— triangle aob. 



Rules. — (1) To find the area of the segmewt of a 

circle. 

Find the area of the sector aobca, having the 
same arc as the segment, by Prob. XV., and sub- 
tract from it the area of the triangle aob, formed by 
the radii and the chord. 

(2) To fim.d the area of the segment of a circle, when 
the chord of the arc and its height are given. 

To J of the product of the chord and height of the 
segment, add the cube of the height divided by twice 
the chord; the sum is the area of the segment, 
nearly. 

Note 1. — To find the area of the segment adb a, greater 
than a semicircle. — In this case, it will be better to find the 
area of the segment abca, less than a semicircle, by pre- 
ceding rules. 

Then, the area of the segment ADBA=rarea of circle— area 
of segment A B A. 
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Example 1. — The radius of a circle is 35 ft., and the 
chord of a segment is 42 ft. ; find the area of the segment. 

Now, area of segment = sector a o b c a — triangle a o b. 

By Prob. XIII., the chord of half the arc=22-13 ft. ; and 
by Prob. XIV., the arc=45*01 ft., nearly. 

Therefor^, area of fiector=^(45'01 x 35)=787-67 sq. ft. 

And area of triangle, having its sides 35 ft., 35 ft., and 
42 ft respectively, is 588 sq. ft. 

Therefore, area of segment= 787-67 -588=199*67 sq. ft., 
nearly. 

JExample 2. — ^Find the area of the segment of a circle 
v7hose chord is 35 ft., and the height of the segment 
is 9-6 ft. 

By Rule 2: Area= J(35 X 9-6) + J|^=f X 336+??^^ 

=224 +12-639 =236-639 sq. ft., nearly. 



Formulas- 



' I. Segment=sector— triangle. 

II. Segment= J (chord x height) + ^^^ 



2 chord 



Examples. 
[Work Examples 1 and 2 by Rule 1 ; the rest by Rnle 2.] 

(1) Find the area of a segment, when the chord of the 
arc is 56 ft. and the radius of the circle is 35 ft. 

(2) The chord of a segment is 30 ft., and the radius of 
the circle is 17 ft. ; find the area of the segment. 

(3) The chord of a segment is 24 ft., and its height is 
9 ft. ; find the area of the segment. 

(4) The chord of a segment is 40 ft., and its height is 
15ft.; find the area of the segment. 

(5) The chord of a segment greater than a semicircle is 
24 ft. ; the diameter of the circle is 26 ft. ; find the area of 
the segment. 
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(6) A room, whicli is 20 ft. long and 15 fib. wide, has an 
opening or recess at one end, in the shape of a segment of 
a circle, the opening or chord of the recess being 15 ft. and 
its greatest width 4 ft. ; find the area of the whole room. 

(7) An arched gateway is 30 ft. wide, and measures 20 ft. 
from the gp*onnd to the spring of the arch ; and the distance 
also from the ground to the crown of the arch is 30 ft. 
Find how many square feet of timber will be required for 
blocking it up. 

(8) Find how many sq. ft. of brickwork are used in 
blocking up one of the arches in a railway viaduct : 

The span of the arch is 60 ft., the height above the piers 
is 20 fb., and the distance from the ground to the spring of 
the arch is 20 ft. 



XVn. THE ELLIPSE. 

■ 

BeftniUons, — An ellipse, in 
simple language, may be de- 
fined to be a plane figure 
bounded by a curved line, A 
called the circumference, and 
which has a longer and a 
shorter diameter. 

The longer diameter ab is called the trcmsverse diamieter^ 
or major axis. 

The shorter diameter CD is called the conjugate diameter, 
or minor oasis. 

F and f' are the foci of the ellipse. 




D 



Rules. — (1) To find the circumference or perimeter of 

the ellipse. 

Multiply half the sum of the two diameters 
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(2) To find ihe area of an ellipse. 
Mnltiplj the product of the two diameters 

Or, mtdtiplj' the product of half the diameters 
by V. 

Note 1. — ^To find either the longer or the shorter dia- 
meter, when the circumference and the other diameter are 
given. — Subtract the given diameter from ^j of the cir- 
cumference. 

Note 2. — To find either diameter, when the area and the 
other diameter are given. — Divide ff of the area by the 
given diameter. 

Note 3.— An ellipse is equal to a circle whose diameter 
is a mean proportional between the two diameters ; that is, 
the area of the ellipse acbd is equal to the area of a circle 

whose diameter is — "^ — 

Or, in other words, the ellipse is a mean proportional 
between its inscribed and circumscribed circles; that is, 
between the circles about the transverse and conjugate 
diameters. For instance, if a circle were described having 
AB for its diameter, and another circle were described 
having CD for its diameter, then the area of the ellipse 
is equal to haJf the sum of the areas of these two circles. 

Note 4. — By the rules given above, the circumference 
and the area of an ellipse will be found with sufficient 
accuracy for all practical purposes. If, however, greater 
accuracy is desirable, then, in B.ule 1, substitute 3*1416 as 
multiplier, instead of y ; and in Bule 2, '7854 for |-^. 

Note 5. — The area of an elliptical ring is the difference 
between the areas of the outer and vrmer ellipse. 

Example 1.— Find the perimeter or circumference of 8' 

B 3 
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ellipse whose transyerse diameter is 28 ft. 6 in.^ and con- 
jugate diameter is 20 ft. 6 in. 

By Bale 1 : Circnmference=^ sum of diameters x ^ = 
i (28 ft. 6 in.+20 ft. 6 in.) x V =^i x49 ft. X V=77 ft- 

ExanvpU 2. — Find the area of an ellipse, whose major 
axis is 156 ft., and minor axis is 120 ft. 

By Rule 2 : Area=156 x 120 x |i=18480 sq. ft. 

Exarnple 3. — The perimeter of an ellipse is 28 yds. 1 ft. 
3 in., and its minor axis is 22 ft. 9 in. ; find the major axis. 

, Now, 28 yds. 1 ft. 3 in.=1023 in. ; and 22 ft. 9 in.=273 in. 
By Note 1 : 
The major axis^^y of the circumference— minor axis 

=(T2r of 1023) -273=651 -273=378 in. 
=31 ft. 6 in. 

Example 4. — ^The area of an ellipse is 28 sq. ft. 60 sq. in., 
and its transverse diameter is 7 ft. 9 in. ; find the con- 
jugate diameter. 

Now, 28 sq. ft. 60 sq. in. =4092 sq. in. ; and 7 ft. 9 in. = 
93 in. 

By Note 2 : 
The conjugate diameter=|^ of the area-s-given diameter 

=^4of 4092^93=5208-4-93=56 in. 
=4 ft. 8 in. 

I. Gircumference=^ (sum of the two 

diameters) x V • 
XL Areas transyerse diameter x conju- 
^ , gate diameter x ^. 

IIL Required diameter =-jZ,- of the cir- 
cumference — given diameter. 
IV. Required diameterss-J-f of the area 
-r- given diameter. 
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Examples. 

Find the circnrnferenco of tlie ellipse whose transverse 
and conjugate diameters are, respectively — 

(I) 48 in., and 86 in. (2) 13 ft., and 8 ft. 

(3) 87 yds. 1 ft., and 34 yds. 

(4) 3 ch. 80 Iks., and 3 ch. 20 Iks. 

Find the minor axis of an ellipse, when its circumference 
and its major axis are, respectively — 

(5) Circnmference 286 ft., and major axis 121 ft. 

(6) Circumference 385 ft., and major axis 145 ft. 

(7) Circumference 47 ft. 8 in., and major axis 16 ft. 8 in. 

(8) Circumference ^ mile, and major axis 165 yds. 

Find the area of the ellipse, when its major and minor 
axes are, respectively — 

(9) 110 ft., and 98 ft. (10) 40 ft. lOin., and 29 ft. 2 in. 

(II) 42 yds., and 32 yds. 2 ft. 

(12) 102 yds. 2 ft., and 93 yds. 1 ft. 

(13) 2 ch. 38 Iks., and 2 ch. 

Find the conjugate diameter of the ellipse, when its area 
and its transverse diameter are, respectively — 

(14) Area 550 sq. ft., and transverse diameter 35 ft. 

(15) Area 15 sq. ft. 40 sq. in., and transverse diameter 
5 ft. 10 in. 

(16) Area 7 ac. rood 20 poles 11 yds., and transverse 
diameter 224 yds. 

(17) Area 2 roods 8 poles, and transverse diameter 
2 ch. 80 Iks. 

(18) In a rectangular plot of land, which is 100 yds. 
long and 70 yds. broad, is dug a fish-pond, in the shape of 
an ellipse, whose greater diameter is 98 yds. and less dia^ 
meter is 60 yds. ; the remaining part is to be gravelled, at 
3d, per sq. yd. Find the expense. 
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(19) The rental of a field, in tHe shape of an ellipse, 
whose greater diameter is 140 yds., at £6 1^. per acre, is 
£15 Ss,; find the shorter diameter. 

(20) The bnilding of a wall round an elliptical plot of 
land, whose greater diameter is 106 yds., at 28. 9d, per yard, 
costs £36 &8. ; find the length of the shorter diameter. 

(21) A lawn, in the shape of an ellipse, whose greater 
and less diameter are, respectively, 98 ft. and ^8 ft., is snr- 
ronnded by a walk 1 yd. wide ; find the cost of gravelling 
it, at 6d, per sq. yd. 



SOLIDS. 

Definitions. 

1. The volvmef solidity^ or solid content of a solid is the 
space (cubic yds., ft., or in.) that it occupies. 

2. The stLvface of a solid is its outside. 

3. The different solids have been so fully explained in 
the following chapters, that it has not been thought neces- 
sary to give any definition of them here. The Stndent 
must try to understand the explanations given of each solid 
before attempting the Examples. 

4. Tables: 

1728 cubic in.=l cubic ft. 
27 cubic ft.=l cubic yd. 

1 cubic ft. of water weighs 1000 oz. avoir., very nearly. 
1 cubic ft. contains 6^ gallons, very nearly. 
1 gallon contains 277 cubic in., or, more nearly, 277*274 
cubic in., or 277^ cubic in. 

ayoirdnpois 

A cubic in. of gold weighs 11 -194 oz., or llj oz., nearly. 
„ lead „ 6*604 oz., or 6f oz. „ 

„ silver „ 6*059 oz., or 6 oz. „ 

„ copper „ 5*106 oz., or 5i^ oz. „ 

,, iron „ 4*526 oz., or 4J^ oz. ,, 
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XVm. THE CUBE, 

DefinUion. — ^A cube is a solid 
bonnded by six equal sqnare faces. 
Each of the surfaces abcd, bfqo, 
&c,, is called a face or side. The 
straight lines which boond these 
square faces— as, for instance, the eL 
straight lines ab, bf, fq, &c, — are 
called edges^ bnt generally sides. 

N.B. — By the side of a cube is 
usually meant not one of the side faces, as abcd, but simply 
one of its edges, as ab, bf, fo, &o. The Student will 
easily see whether the expression side refers to the length 
of an edge, or to the a/rea of one of the /ace« of the cube. 




F 
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BuLES. — (1) To fmd the vohme of a cube. 
Cube the side (edge) given. 



(2) To find the whole stt/rface of a cube. 

Multiply the square of the side (edge) given 
by 6. 

Note 1. — To find the side (edge) of a cube, when its 
volume is given. — ^Extract the cube root of the volume. 

Note 2. — To find the side (edge) of a cube, whose volume 
shall bear a certain proportion to that of a given cube, we 
may proceed thus : 

(a) Supposing ab, the side or edge of the cube abcd is 
given, and it is required to find E f, the side or edge of an- 
other cube EFOH, whose volume is double that of the cube 
abcd, we have 

ef3 = 2x AB*. 
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(Since the yolume of cube efoh is double Hiat of cube 
abcd; and tbe volume of efoh is ef*, and also that of 
ABGD is ab'.) 





So also the cube roots of these quantities are equal ; 
that is, 

BF = V^XAB* =ABXV^- 

Hence the side ef is found by mxdtiplying ab, the side 

or edge of the giyen cube, by 1/ 2. 

If the volume of the cube efoh is treble that of the cube 
ABGD, then the side ef is found by multiplying ab by ^3. 

If four times as much, then the multiplier is 1/4; and 
so on. 

But if the volume of the required cube is half that of the 
given cube, we shall, in that case, find its side or edge by 
dividing the side of the given cube by V ^ r ^ ^^ ^ ^ ^ 
one-third, then its side is found by dimding by ^ 3 ; and 
so on. 

(h) The following method, however, will be the more 
readily understood by beginners. 

If the volume of the required cube is double that of the 
given cube, then, multiply the volume of the given cube by 
2, and the product is the volume of the required cube. 
Having thus found the volume of the required cube, its 
side or edge can be found by Note 1. 

If the volume is three times as much, then, multiply the 
volume of the given cube by 3, and the cube root of this 
product gives the side or edge of the required cube. 
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Bat if the yolnme is half as much, then, divide the 
Yolame of the given cube bj 2 ; and the cube root of the 
quotient is the side or edge of the required cube. 

The same remarks will apply to the case when its volume 
is one-third, one-fourth, &c, 

[To save trouble, the following cube roots are given : 
V 2 =1-259+ ; V3 = 1-442; 8/4 = 1-687, &c.] 

Example 1. — Find the volume of a cube which measures 

3 ft. 6 in. every way. 

Volume = cube of side given=(3i)3=|x Jx J:a=^ 
cubic ft. =42^ cubic fb. 

Example 2. — The volume of a cube is 91*125 cubic ft ; 
find the length of one of its sides. 

Length of each side=V volume =V91*125=4-5 fb.= 

4 ft. 6 in. 

Example 3. — The side of a cubical vessel is 10 ft. ; find 
the side of another cubical vessel whose volume is eight 
times that of the former. 

Now, by Note 3, a : 

The side of the required cube= side of the given cube x V 8 

=10x2=20 ft. 

Hence, a cubical vessel whose side is 20 ft. contains 
eight times the volume of a cube whose side measures 
only 10 ft. 



FormulsB 



I. Volume =side'. 
n. Whole surface=area of side face x 6. 



in. Side or edge= ^ volume. 
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Examples. 



[For the sake of aniformitj in the answers, the yolomes 
are given in cnbic feet and inches ; and the surfaces in 
square feet and inches.] 

Find the volume, and also the whole surface, of the fol- 
lowing cubes, whose sides or edges are, respectively — 

(I) Side 3 in. (2) Side 1 ft. 2 in. 
(3) Side 8-5 in. (4) Side 2 ft. 3 in. 
(5) Side 8 ft. 6 in. (6) Side 20 ft. 

(7) Side 2 yds. 1 ft. 3 in. (8) Side 5 yds. 2 ft. 6 in. 

(9) 6 yds. 1 ft. 4 in. 

Find the length of each side of the cube whose volume is — 

(10) Volume 343 cub. in. 

(II) Volume 2 cub. ft. 1457 cub. in. 

(12) Volume 15 cub. ft. 1080 cub. in. 

(13) Volxime 68 cub. ft. 145 cub. in. 

(14) Volume 181 cub. yds. 26 cub. ft. 

(15) Volume 21 cub. yds. 25*704 cub. ft. 

(16) A cubic foot of water weighs 1000 oz. avoirdupois ; 
find the weight of the water in a cubical cistern, each of 
whose sides measures 6 ft. 

(17) How much lead is used in lining the sides and 
bottom of a cubical vessel that contains 729 cubic ft. of 
water? 

(18) A cubical vessel measures 5 ft. every way ; find the 
length of another vessel, of the same shape, that will hold 
twice the quantity of water. 

(19) The gallon contains 277*274 cub. in. of water; 
find the length of a cubical cistern that holds 1000 gallons. 

(20) The weight of a cubic foot of water is 1000 oz. 
avoirdupois, and marble is 2*7 times heavier than water; 
find the weight of a cubical block of marble whose side 

nres 5 ft. 
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(21) A cabio foot of water weighs 1000 oz. avoirdupois ; 
find the side of a cube made of gold that weighs the same, 
when gold is 19*3 times heavier than water. 

(22) If a cubical vessel requires 320 sq. fb. of lead for 
lining its sides and bottom, find the number of cubic feet 
of water that it contains. 

(23) A plumber, being asked to make a cubical cistern 
to contain 216 cub. fb. of water, is afterwards told to make 
it hold half as much more, without altering its shape. 
Thinking that this will be accomplished by making its 
dimensions half as much more than he intended at the first, 
he accordingly makes each side measure 9 ft. Find what 
ought to have been the length ; and also hmo much too la/rge 
was the cistern that he made. 

(24) The carpeting of a room, in the shape of a cube, 
with carpet 24 in. wide, at 3«. 4d, per yd., costs £6 Ss, ; 
find the number of cubic feet of air that the room contains. 

(25*) A cubical box with a lid is covered with sheet-lead 
which weighs 4 lbs. per sq. ft., and 294 lbs. of lead are used ; 
what is the side of the box P 

(26) A cubical vessel holds 421 cub. ft. 1512 cub. in. 
f)f water ; find how many sq. ft. of lead will be required 
for lining its sides and bottom. 

(27) The cost of polishing a cubical block of Cornish 
granite, at 3«. M, per sq. ft., is £S6 ; find its weighty sup- 
posing that 1 cub. ft, of water weighs 1000 oz., and that 
granite is 2*7 times heavier than water. 

(28) A cubical vessel is constructed to hold 775 gallons 
of water ; find its length, allowing 6^ gallons to the cubic 
foot, 

(29) A cubic foot of water weighs 1000 oz. avoirdupois, 
and a cubical vessel is to be made which shall hold 10 cwt. 
of water ; find what ought to be its length. 
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XIX. THE RECTAKGULAR PARALLELOPIPED. 

Befimtions, — The rectangular parallelopiped is a solid 
contained by six rectangular faces, each of them beiog 
equal and parallel to its opposite face. 

The annexed figure D o 

represents a rectangu- 
lar parallelopiped. All 
the faces bounding this 
figure are rectangles, 

every opposite two of 

which are equal and ^ ^^' ^' 

parallel; thus the face abod is equal and parallel to the 

face EFGH, and the face adfe to the face bcgh ; and so on. 

EFOH is also called the hase-y and the faces aefd, bohc 
are frequently called ends. 

But base, ends, &c. are all included under the general 
term faces. 

Also, A B or EG is called the length ; AD or ef the breadth ; 
and ae or DF the height or depth. 

The whole surface consists of the areas of the two ends 

AEFD, BCHG, BSid foWP Side fa,ces AEGB, DFHC,'ABCD, EFGH. 

Rules. — (1) To find the volume of a rectangular 

parallelopiped. 

Multiply the length by the breadth, and this pro- 
^duct by the height. 

Or, multiply the area of the base by the height. 

(2) To find the whole swrfa^. 

Multiply the perimeter of the end (which is 
=2 width +2 depth) by the length, and the pro- 
duct is the area of the side faces ; to which add 
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t-wice the area of one end, and the sum is the whole 
surface. 

Or, add together the areas of the two ends and 
four sides, and the sum is the whole surface. 

Note 1. — To find one dimension, either the length, breadth, 
or depth, when the volume and the other dimensions are 
given. — Divide the volume by the product of the two given 
dimensions, and the quotient is the required dimension. 

Note 2. — A parallelopiped may also be rhomboidal or 
oblique (fig. 2) ; in which case the edges are not per- 
pendicular to each other — ^that is, all the fEices are not 
rectangles. — The an- 
nexed figure represents 
an oblique parallelo- 
piped, in which some of 
the side faces, as ABC D, 
EFGH, &c. are rect- 
angles, but others, as 



c 




Fig. 2. 



AEOB, DFHC, &c. are rhomboids. 

The volume of an oblique parallelopiped may be found 
thus : — ^Multiply the length AB by the breadth ad, and this 
product by the perpendicular height ak (and not by ae). 

Note 3. — To increase or diminish proportionally the 
dimensions of a rectangular parallelopiped, so as to effect a 
corresponding increase or diminution of the volume. 

^ F K 
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Fig. 3. Fig. 4. 

Supposing it is required to find the dimensions of the 
parallelopiped (fig. 4) whose volume is twice that of the given 
parallelopiped (fig. 3), we may proceed thus : Since the 
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volume F GEL is twice the volnme abed, and that the 
volume of pgkl=gh xpgxgl, and also the volume of 

ABED=:BGXABXBE, We have, 

ghxfgxgl=2xbcxabxbe ; 

that is, length X breadth X depth (of the required figure) 
=length V 2 x breadth 1/2 x depth \/2 (of given figure). 

Hence, if the volume is to be twice as large, then mul- 
tiply each given dimension hj \/2, 

If the volume is to be three times as large, then mul- 
tiply each given dimension hj i/S, 

If the volume is to be four times as large, then multiply 
each given dimension by ^ 4 ; and so on. 

Note 4. — To find the cubic feet or cubic inches of the 
material used in the construction of a rectangular cistern 
or box. 

First find the volume of a rectangular parallelepiped 
whose length, breadth, and depth are the same as the 
external length, breadth, and depth of the cistern or box ; 
then find the volume of another rectangular parallelepiped 
whose length, breadth, and depth are the intei'nal length, 
breadth, and depth of the cistern or box. 

Then the difierence of these two volumes gives the num- 
ber of cubic feet or cubic inches of the material. 

N.B. — ^If the material employed is vmformly thick, 

then : external length =^vatemal length 4- 2 thickness 

of material. 

external breadth=m^6rnaZ breadth -(- 2 thickness 

of material. 

eternal depth =iintemal depth + thickness of 

material (if the vessel is 
without a lid). 

internal depth + 2 thickness of 
material (if the vessel has 
a lid). 



THE BECTANGULAB PABALLELOPIPE^. 93 

Example 1. — Find the volume of a rectangular parallelo- 
piped whose length is 6 ft., breadth 4 ft. 6 in., and 
height 3 fb. 6 in. 

The volume=6 ft. x 4^ ft. x 3^ ft.=6 x f x J= i|^ cub. ft. 
=94J^ cub. ft. =94 cub. ft. 864 cub. in. 

Example 2. — A rectangular cistern is 24 ft. long and 
15 feet broad ; find its depth that it may hold 4320 cub. ft. 
of water. 

By Note 1 : 

The depth = volume divided by the product of the two 

given dimensions. 
=4320h- (24 X 15) =4320-r 360=12 ft. 

Example 3. — ^A box without a lid, in the shape of a rect- 
angular parallelepiped, is made of wood 1 in. thick ; 
externally the length is 3 ft. 6 in., the breadth 3 ft., and the 
depth 2 ft. Find the number of cubic inches of wood used 
in its construction. 

The external dimensions are 42 in., 36 in., and 24 in. ; 
therefore the volume of the rectangular parallelepiped 
having these dimensions is 36288 cub. in. 

Again, the internal dimensions are (42—2) in., (36—2) 
in., and (24—1) in., or 40, 34 and 23 in. ; therefore the 
volume of the rectangular parallelepiped having these 
dimensions is 31280 cub. in. 

Hence, volume of wood= 36288 -31280=5008 cub. in. 
=2 cub. ft. 1552 cub. in. 

I. Volume=length x breadth x height, 
n. Whole surface= {2 (breadth + height) X 
length} + 2 (breadth x height) . 
Or, sum of the areas of the six rect- 
angular faces, 
in. Bequired dimension 

volume 

~ product of 2 given dimensions. 
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Examples. 

Find the volume, and also the whole surface, of rect- 
angnlar parallelepipeds with the following dimensions : — 

(1) Length 10 in., breadth 8 in., and depth 6 in. 

(2) Length 2 ft. 4 in., breadth 2 ft., and height 1 ft. 8 in. 

(3) Length 4 ft. 8 in., breadth 3 ft. 10 in., and height 3 ft. 

(4) Length 6 yds. 2 ft., breadth 5 yds. 1 ft., and height 
2 yds. 2 ft. 

(5) Length 5 yds. 1 ft. 6 in., breadth 4 yds. 2 fb. 3 in., 
and height 3 yds. 2 ft. 6 in. 

(6) Length 675 ft., breadth 5 5 ft., and height 4*25 ft. 

Find the volume of the following rectangular parallelo- 
pipeds, when the area of the base and the height are, 
respectively — 

(7) Area of base 97 sq. in., and height 10 in. 

(8) Area of base 3 sq. ft. 20 sq. in., and height 1 ft. 3 in. 

(9) Area of base 11 sq. ft. 40 sq. in., and height 5 ft. 3 in. 

Find the height or depth of a rectangular parallelopiped, 
when its volume, length, and breadth are, respectively — 

(10) Volume 378 cub. in., length 9 in., and breadth 7 in. 

(11) Volume 1680 cub. in., length 1 ft. 2 in., and 
breadth 1 ft. 

(12) Volume 3 cub. ft. 864 cub. in., length 2 ft., and 
breadth 1 ft. 6 in. 

(13) Volume 1164 cub. ft. 1008 cub. in., length 
12 ft. 6 in., and breadth 10 ft. 9 in. 

(14) If the area of the bottom of a box is 27 sq. ft. 
72 sq. in. ; find what must be its depth, so that the volume 
of the box may be 123 cub. ft. 1296 cub. in. 

(15) Find the price of a balk- of timber 39 ft. 6 in. long, 
and 3 ft. 7 in. thick each way, at 2«. 6d, a cub. ft. 

(16) A tank is 30 ft. 9 in. long, 16 ft. 7 in. wide, and 
6 ft. 4 in. deep ; find how much water it will hold in cubic 
feet and inches. 
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(17) A cellar, which measnres 12 ft. long and 9 ft. wide, 
is flooded to a depth of 4 in. ; find the weight of the water, 
supposing that 1 cubic foot of water weighs 1000 oz. 
avoirdupois. 

(18**) What weight of water will a rectangular cistern 
contain, the length being 4 ft., the breadth 2 ft. 6 in., and 
the depth 3 ft. 3 in., when a cubic foot of water weighs 
1000 oz. avoirdupois ? 

(19*) How much lead will be required to line a cistern, 
open at the top, which is 4 ft. 6 in. long, 2 ft. 8 iu. wide, 
and contains 42 cubic feet ? 

(20*) How many bricks will be required to build a wall 
90 ft. long, 18 in. thick, and 8 ft. high ; a brick being 9 in. 
long, 4J in. wide, and 3 in. deep ? 

(21) A quantity of earth, iq the shape of a rectangular 
parallelepiped, which measures 6 ft. long, 6 ft. wide, and 
4 ft. deep, is spread uniformly over a rectangular court 
which measures 48 ft. long, and 10 ft. wide ; find the depth 
of the earth. 

(22) A box is 4 ft. 6 in. long, 3 ft. 6 in. broad, and 
2 ft. 6 in. deep ; how many books will it contaiQ, when 
each book measures 7 in. long, 6 in. wide, and 1^ in. 
thick? 

(23) A book has the following dimensions : 8 in. long, 
6 in. wide, and 1^ in. thick ; find the depth of the box, 
whose length and breadth are 3 ft. 4 in. and 2 ft. 6 in., that 
it may contain 400 such books. 

(24) The water in a large rectangular cistern, which is 
15 ft. 6 in. long and 12 ft. wide, has sunk 3 in. ; find how 
many cubic feet of water have been drawn ofl^". 

(25) How many bricks will be required for a wall 25 yds. 
long, 15ft. high, and 1 ft. 10^ in. thick ; each brick being 
9 in. long, 4J in. wide, and 3 in. deep ? 

(26) The internal dimensions of an open cistern, made 
of iron 2 in. thick, in the shape of a rectangular parallele- 
piped, are length 4 ft. 6 in., breadth 3 ft., and depth 2 ft. Gin. ; 
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find how many cubic feet of iron were nsed in its con* 
stmction. 

(27) Find the expense of covering a flat roof^ 17 ft. 4 in. 
long and 13 ft. 4 in. wide, with sheet-lead -|^ of an inch 
thick, supposing that a cubic inch of lead weighs 6^ oz. 
avoirdupois, and that 1 lb. costs S^d. 

(28) If a cubic foot of marble weighs 2*716 times as 
much as a cubic foot of water, find the weight of a block 
of marble 9 ft. 6 in. long, 2 ft. 8 in. broad, and 2 ft. thick, 
supposing a cubic foot of water weighs 1000 oz. avoirdupois. 

(29*) The beams of wood used in building a house are Sin. 
thick and 10 in. wide : 200 of them are used, which together 
amount to 1000 cub. ft. What is the length of each beam ? 

(80) The length and breadth of a rectangular cistern 
are 10 ft. and 5 ft. ; what must be its depth that it may 
contain 1000 gallons of water, supposing that a gallon con- 
tains 277*274 cub. in. ? 

(31) An open rectangular cistern is made of cast iron 
1 in. thick, and has for its external length, breadth, and 
depth 6 ft., 4 ft., and 3 ft. respectively ; find its weight 
when empty, when iron weighs 7*2 times as much as water, 
and 1 cubic foot of water weighs 1000 oz. avoirdupois. 

(32**) How many gallons of water will a cistern hold 
whose length, breadth, and depth are 5 ft. 6 in., 3 ft. 9 in., 
and 1 ft. 3in. ? What would be the weight of water con- 
tained (a gallon contains 277 cub. in., and a cub. ft. of 
water weighs 1000 oz. avoirdupois) ? 

(33) An open cistern, which is 6 ft. long and 4J ft. wide, 
contains 108 cub. ft. of water ; find how many cubic feet 
of lead will be required for lining its sides and bottom, 
when the lead is ^ in. thick. 

(34) If a cubic foot of gold may be made to cover uni- 
formly and perfectly 432000000 sq. in., find the thickness 
of the coating of gold. 

(36) Rain has fallen to the depth of half an inch ; find 
'■ '^ many cubic feet of water have fallen on an acre of land. 
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(36) The length, breadth, and depth of a rectangular 
eifltem are 8 ft., 6 ft., and 4 ft. ; find the length, breadtfi, 
and depth (proportional to the former) of another rectan- 
gular cistern that shall contain eight times the quantity of 
water. 

(37) The length of a rectangular cistern is 10 ft., its 
br^dtk is 8 ft., and its depth is 6 ft. ; find the length, 
breadth, and depth (proportional to the foi-mer) of another 
cistern that shall contain only half the quantity of water. 

(38) The water in a large rectangular cistern, whose 
length is 12 ft. and breadth 10 fb., has sunk 8 in. on account 
of a leakage ; find how many gallons will have been wasted, 
when there are 6^ gallons in a cubic foot. 



XX. THB BIGHT-PRISM AND THB RIGHT- 

CYLINDER. 



Defimtions, — ^I. A prism is a solid whose two ends 
D£F are similar, equal, and parallel plane figures, 
whose side faces abed, bcfe, &c, are parallelograms. 

The ends of a prism £ j> 

may be triangles, as fig. 1; 
trapezoids, or pentagons, 
as in fig. 2 ; hence a 
prism is called a trian- 
galar prism, pentagonal 
prism, &c., according to 
the figure that it has for 
its ends. 

The line drawn from 
the centre of one end 
to the centre of the 
other end is called the 
axis of the prism. 
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A righUprism has the axis at right angles to the ends of 
the prism ; or it may be defined to be a prism that has all 
its side faces rectangles. 

In an oblique prism the axis is not at right angles to the 
ends, and its side faces are not rectangles. 

The whole surface of a prism will consist of the areas of 
the several side faces abed, bcfe, &c., and the areas of the 
two ends abc and def. 

II. A cylinder is a solid having its ends two equal and 
parallel circles. 

The straight line c E between ^( 
the two ends, from centre to 
centre, is called the a^ of the 
cylinder. 

In the right-cylinder (fig. 3) 
this axis c E is perpendicular to 
the ends. 

In the obHqne cylinder (fig. 
4i) the axis oe is not perpen- 
dicular to the ends. 

The whole surface of a cylinder will consist of the areas 
of the two circular ends (abc and def) and the curved or 
round surface. 

The height, or altitude, or length of a cylinder or prism 
is the perpendicular drawn from one end to any point in 
the other end ; and in the case of a right-prism or right- 
cylinder, the height or length of the figure is the same as 
the axis. 

N.B. — The cylinders and the prisms mentioned in the 
following Examples are right-cylinders and right-prisms. 




Fig. 3. Fig. 4. 



Rules. — (1) To Jmd the volume of a right-cyUnder or 

a right-prism. 

Multiply the area of the base by the height or 
length. 
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(2) To find tJie curved suTface of a righUcylmder, or 

the aide faces of a right-prism. 

Multiply the circtunference or perimeter of the 
end by the height or length. 

(3) To find the whole awrface of a right-cylinder or 

nghUprism. 

To the cnrved surface of the cylinder, or to the 
area of the side faces of the prism (found by 
Rule 2), add the areas of the two ends. 

Note 1. — To find the length or height of a right-cylinder 
or right-prism. — Divide the volume by the area of the base 
or end. 

Note 2. — ^To find the area of the base or end of a right- 
cylinder or right-prism. — Divide the volume by the height 
or length. 

Note 3. — The end of a prism being any plane figure, its 
area, of course, will have to be found by the rules given for 
finding the area of that particular figure in the Mensuration 
of Superficies. 

Note 4. — ^The volume of an oblique cylinder or oblique 
prism will be the same as that of a right-cylinder or right- 
prism having the 
ecunie area for the 
basej and lying be- 
tween the same jpa- 
rallel pla/nes. 

Thus, the volume 
of the oblique cylin- 
der ABDE (fig. 5) is D 
equal to the volume 
of the right-cylinder 
ODEH, if they have the same area de for the base, and lie 
between the same parallel planes. 

f2 




Fig. 6. 



Fig. (^, 
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Hence, the volume of an obKque cylinder abde will be 
found by multiplying the area of the circular base de, not 
by the length of the cylinder, but by the perpendicular fk. 

But with regard to the curved surface of an oblique 
cylinder, no simple expression can be given for finding it. 

The same remarks will apply to the case of an oblique 
prism. 

Note 5. — To find the number of cubic feet or cubic inches 
in a cylindrical shell or pipe, 

(a) Find the volume B A 

of the cylinder abep, g^ 
and then of the hollow 
cylindrical part CD gh. 

Then the number of h^ 
cubic feet in the pipe ^ B 

=difierence between the volumes of these two cylinders. 

(6) Or, take a section acdb of the pipe perpendicular to 
the axis. Find the area of the ring by Note 9, Prob. XII., 
and then multiply the area of the ring by the length of the 
pipe ; and the product is the volume of the pipe. 

Observe : The outer diameter ab = the inner diameter + 
twice thickness of pipe ; and inner diameter c D = outer dia- 
meter A B— twice thickness of pipe. 

Note 6. — (a) Given the diameter and the length of a 
Tight-cylinder ; to find the diameter and the length (pro- 
portional to the former) of another cylinder whose volume 
shall be so many times, more or less, than that of the 
given cylinder. 

Following the reasoning given in Note 3, Prob. XIX., it 
will be found that the length and the diameter of the required 
cylinder can be obtained by multiplying or dividing (as the 
case may be) the length and the diameter of the given 
cylinder by %/ (number of times the required volume is 
greater or less than the given volume). 

'^hus, for instance, if the volume of the required cylinder 
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is twice that of the given cylinder, and a propoTtional 
increase has to be made in both the length and diameter, 
then the diameter of required cylinder = diameter of 

given cylinder xl/2 ; 

and length of required cylinder = length of given cylinder 

(6) But, on the other hand, if the increase is to be 
effected only in ihe dicumeter, whilst the length remains the 
same, then the diameter of required cylinder= diameter of 
given cylinder x 1/ (number of times the required volume 
exceeds the given volume). 

(c) If an increase is to be effected only in the length, 
whilst the diamet/cr remains the samie, then the length of 
the required cylinder = length of given cylinder x number of 
times the required volume exceeds the given volume. 

Example 1. — ^Find the volume of a cylinder, the diameter 
of whose base is 14 in., and whose length is 3 ft. 

Area of base =14' x -f J=164 sq. in. 
Then the volmne = 164 x 36 = 5544 cub. in. = 3 cub. fb. 
360 cub. in, 

Exanvple 2. — Find the curved surface, and the whole sur- 
face of a cylinder, whose length is 6 ft., and the radius of its 
end is 10 in. 

The circumference of base =20 in. x ^ij? =i-f^ in. 

Then the curved surface = ^^ x 72 = 4525f sq. in. 
=31 sq. ft. 61^ sq. in. — 1st. Answer. 

Also the areas of the two ends =2 x 10' x \'='^^ sq. in. 
=6284^ sq. in. =4 sq. ft. 52^ sq. in. 

Then the wJiole «t4r/(xce=curved surfaced areas of two 
ends 

=31 sq. ft. 61^ sq. in. +4 sq. ft. 52^ sq, in. 

=35 sq. fb. 114^ sq. in. — 2nd Answer. 

Example 3. — ^Find the number of cubic inches in a cast- 
iron pipe, whose length is 10 ft., and the outer and inner 
diameters of its ends are 7 in. and 6 in. respectively. 
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By Note 9, Prob. XII. : Area of circular ring at pacli 
cnd=7 + 6 X T^x U- 

=13xlxii=Wsq. in. 

Then, volume of pipe='T^3 xi20==«^«-^ cnb. in.=1225f 
cub. in* 

Example 4i, — ^A cylindrical iron rod, 2^ in. thick, is made 
out of 2 cub. ft. of iron ; find its length. 

Area of the end of the rod= (f )« x li= V X H= Vif sq. in. 
Then, length of the rod = volume -f- area of end 

=2 cub. ft.-s- W sq. in. = 3456 cub. in.-f-Vff sq. in. 

=70atHin.=:58ft. 7|Hin. 

L Volume s=area of base x height. 
n. Curved surfaces=.perimeter of base X 
Formulffi -l height. 

ITT- Whole surface=curved surface +2 
area of an end. 

. [The Student must bear in mind that aU the cylinders 
and prisms mentioned in the folio wing Examples are right- 
prisms and right-c^hnders.] 

Examples. 

Find the volume of a cylinder, when the area of its 
base and its height are, respectively — 

(1) Area of base 67 sq. in., and its height 12 in. 

(2) Area of base 3 sq. ft. 30 sq. in., and height 1 ft. 5 in. 

(3) Area of base 10 sq. ft. 72 sq. in., and height 12 ft. 

Find the volume of a prism, when the area of its base 
and its height are, respectively — 

(4s) Area of base 23'5 sq. in., and height 5*4 in. 
(5) Area of base 3 sq. ft. 68 sq. in., and height 5 ft. 6 iiu 
'^) Area of base 2 sq. yds. 2 sq. ft., and height 3 yds. 
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Find the yolnme, and also the cnrvod surface, of a 
cjlindeTy when the dimensions given are — 

(7) Diameter of base 14 in., and height 10 in. 

(8) Diameter of base 2 ft. 4 in., and height 5 ft. 

(9) Diameter of base 8 ft. 2 in., and height 4 ft. 6 in. 

(10) Diameter of base 9 ft. 4 in., and height 12 ft. 

(11) Circumference of base 7 ft. 4 in., and height 10 ft. 

Find the volume of the following triangular prisms, when 
the dimensions given ajre, respectively — 

(12) Sides of the base 4, 13, and 15 in., and height 14 in. 

(13) Sides of the base 9, 10, and 17 ft., and height 20 ft. 

(14) Sides of the base 10, 17, and 21 ft., and height IG ft. 

Mud the radius of the base of a cylinder which has tlie 
following volume and height :^ 

(15) Volume 1540 cub. in., and height 10 in, 

(16) Volume 19 cub. ft. 1664 cub. in., and height 4 ft. 
8in. 

(17) Volume 404 cub. ft. 432 cub. in., ard height 10 ft. 

6 in. 

Find the height of a cylinder, when its volume and the 
radius of its base are, respectively »• 

(18) Volume 10 cub. ft. 1200 cub. in., and radius of 
base 1 ft. 2 in. 

(19) Volume 419 cub. ft. 384 cub. in., and radius of base 
4 ft. 1 in. 

(20) Volume 114 cub. yds. 2 cub. ft., and radius of base 

7 ft. 

(21) Find the solid contents of a prism whose ends are 
squares, each side measuring 1 ft. 6 in., and the length of 
the prism is 14 ft. 

(22) ilnd the volume of a prism whose ends are equi- 
lateral triangles, each side measuring 6 ft., and Hie length 
of the prism is 20 ft. 
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(23) Find the Tolame of a piism whose ends are tri- 
angles, whose sides measure, respectiTelj, 12 ft., 17 fL, and 
25 fb., and the length of the prism is 24 fb. 

(24) Find the volume of an hexagonal prism whose 
length is 10 fb., the side of the hexagon being 10 in. 

(25) Find the volume of a prism 32 ft. long, when its ends 
are equal trapezoids, the parallel sides being, respectively, 
12 ft. and 8 ft., and the perpendicular distance between 
them is 6 fb. 

(26) Find the number of square feet of plastering in the 
walls and ceiling of a room, in the shape of a cjlinder, 
whose diameter is 21 ft., and the height of the room 
is 26 ft. 

(27*) How many cubic yards must be dug out to make 
a well 3 fb. in diameter and 30 fb. deep ? 

(28**) The diameter of a well is 4 fb. 8 in., and its depth 
30 fb. ; find the cost of excavating it, at Ts, ^d, per cub. yd. 

(29**) What is the expense of painting the walls of a 
cylindrical room 16 ft. high, and 18 ft. in diameter^ at 7\d, 
per sq. yd. ? 

(30*) Find the number of cubic yards of earth dug out 
of a tunnel 100 yds. long, whose section i& a semicircle with 
a radius of 10 fb. 

(31^) The expense of excavating a circular well, of 
which the depth was 45 ft., and the diameter 3 ft. 9 in., was 
^8 Wa, \0\d, ; what was the charge per cub. yd. p 

(32) A cubic foot of brass is to be drawn into a wire 
j^j of an inch in diameter ; find the leng^ of the wire. 

(33) The diameter of a cylindrical vessel is 2 ft. 4 in., 
and its height is 6 ft. Supposing the diameter were made 
half as large again, whilst the height remained the same ; 
find what increase there will be in its volume. 

(34*) What would it cost to sink a cylindrical well 
50 ft. in depth, its diameter being 3 ft. 9 in., at 78, Zd, per 
cub. yd. ? 

(35*) A cylindrical well is sunk to the depth of 119 fL; 
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it measures 4 fb. across at the moutli. How many cubic feet 
of earth will be taken out P 

(36*) The top of a circular table is 7 ft. in diameter and 
1 in. thick ; how many cubic feet of wood does it contain, 
and what will it cost to polish the upper sur&ce, at 6d. per 
sq. ft.? 

(37) How many cubic inches of mahogany will be 
required for veneering the top of a table, in the shape of a 
regular hexagon, each side of which measures 2 ft., the 
veneer being |- of an inch thick ? 

(38) Find the cost of digging a cylindrical tank whose 
diameter is 14 ft., and whose depth is 20 ft., at \d. per 
gallon, supposing that 1 cub. ft. contains 6^ gallons. Find 
also the expense of cementing the sides and bottom, at 8d, 
per sq. ft. 

(39) Find the weigbt of a cylindrical iron shell 1 in. 
thick and 2 ft. long, whose inner radios is 7 in., when iron 
weighs 7*2 times as much as water, and 1 cub, ft. of water 
weighs 1000 oz. avoirdupois. • 

(40) The water in a cylindrical well, whose diameter is 
7 ft., is found to stand to the height of 10 ft. ; find how 
many gallons of water there are in the well, reckoning 
6^ g^ons to the cubic foot. 

(41) An^open cylindrical vessel, whose depth is 7 ft., is 
constmcted to hold 198 cub. ft. of water ; find how many 
cubic feet of lead wiU be required for lining its curved 
surfisu^ and bottom, when the lead is ^ of an incb thick. 

(42) An open cylindrical vessel, which measures 3 ft. 
6 in. across at the top, requires 119 sq. ft. 90 sq. in. of lead 
for lining its curved sur&ce and bottom ; find how many 
cubic feet of water the vessel will contain. 

(43) A cast-iron pipe, 2 in. thick, whose internal radius 
is 7 in., and whose length is 5 ft., is to be melted and cast 
into another pipe of the same thickness, but whose internal 
radius is only 4 in. ; find the length of the new pipe. 

(44) The whole internal surface of an open cylindrical 

73 
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vessel, whose radius is 5 fb. 10 in., is 565 sq. fb. 40 sq. in. ; 
find how manj gallons of water the vessel will hold, suppos- 
ing that a cubic foot coutaiilusi 6)- gallons of water. 

(45) A marble column measures 7 fb. 4 in. in circum- 
ference, and its height is 15 fb. ; find the expense of polish- 
ing the curved surface, at 3«. 4tcL per sq. ft., and also the 
additional expense if the whole surface were polished. 

(46) A cubic foot contains 6^ gallons. Having pumped 
310 gallons of water out of a well, whose diameter is 7 ft., 
find how many inches the water in the well will have sunk 
in consequence.' 

(47*) What will be the cost of making a cylindrical 
cask, closed at both ends, 3 ft. high, and 3 ft. in diameter, 
the price of the wood being 6d. per sq. ft., and the charge 
for labour being made at the rate of Sd. per g^on on the 
contents of tiie barrel ? (Take a gallons=:270 cub. in.) 

(48»») The Wall of China is 1500 miles long, 20 ft. high, 
15 ft. wide at the top, and 25 ft. wide at the bottom ; how 
many cubic yards of material does it contain ? 

(49*) How many pieces of money, J of an inch in 
diameter, and ^ of an inch thick, must be melted down to 
form a cube whose edge is 3 in. long ? 

(50**) What length of wire -08 of an inch thick can be 
formed out of a cubic inch of metal ? 

(51*) A square iron rod, an inch thick, and a yard long, 
weighs 10-J^ lbs. How much would a round iron rod, of the 
same length and thickness, weigh ? 

(52) How many cubic feet of metal would be required 
for making a wire -^j of an inch thick which would 
stretch from London to Edinburgh, a distance of 405 miles ? 

(53*) How many revolutions of a roller, 3 ft. in length, 
and 18 in. in diameter, would it take to go over a grass- 
plot half an acre in extent P 
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XXL THE EIGHT-PTEAMID AND THE 

RIGHT-CONE. 

Befinitixma. — I. A pyramid is a solid having any plane 
figure for its base, and triangles for its sides, all of which 
terminate in one common point, 
called the vertex. The pyramid 
takes particular names, according 
to the shape of the base. If the 
base is a triangle, then it is called 
a triangular pyriEimid. If the 
base has six sides, then it is called 
an hexagonal pyramid ; and so on. 
A right'pyra/mid (fig. 1) is a 
pyramid in which the straight ^ 
line c G, drawn from the centre c 
of the base to the vertex a, is 
perpendicular to the base. This 
line c G is the aods of the pyramid. 

CO is the perpendicular height of the pyramid, or, as it is 
simply called, the height. 

OF, the line drawn from the vertex a to f, the middle 
point of one of the sides of the base, is called the sla/nt 
height of the pyramid. 

6 A, GB, GE, &c. are called the edges of the pyramid, which 
meet in the vertex g. 

The Student must particularly bear in mind that gf is 
the sla/nt height, and not ga, gb, &c. 

The oblique pyramid is one in which the axis CG is not 
perpendicular to the base of the pyramid. The height of 
an oblique pyramid is not the axis GO, but is some perpen- 
dicular drawn from the vertex g to the base, which will 
require to be found before we can find the volume of the 
pyramid. 

The whole swiface of a pyramid, whether right or oblique. 



Fig. 1. 
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Fig. 2. 



Fig. 8. 



consists of the area of the base and also the areas of the 
triangular side faces. 

II. A cone is a solid which has a circular base, and 
whose curved surface 
terminates in a point, 
called the vertex. 

The line 00, joining 
the vertex G with c, the 
centre of the circular 
base, is called the axis 
of the cone. 

A right-cone (fig. 2) 
is one in which the axis G G is perpendicular to the base. 

GO is the perpendicular height, which is necessary to be 
known before finding the volume. 

GA or GB is the slant height , which is necessary to be 
known before finding the curved surface. 

An oblique cone (fig. 3) is one in which the axis go is 
noi perpendiculanr to the base ; in which case GF, and not 
cg, is the perpendicular height. 

The whole surface of a cone will consist of the area of the 
circular end and the area of the curved or round surface. 

N.B. — ^AU questions in this chapter refer to the right- 
cone and the right-pyramid. 



Rules.— (1) To find the volume of a right^cone or 

right pyramid. 

Multiply the area of the base by the perpendicular 
height, and divide the product by 3. 



(2) To find the curved surface of a right'Cone or side 

faces of a right-jpyramid. 

Multiply the perimeter of the base by the slant 
height, and divide the product by 2. 
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(8) To find the whole turf ace of a righUcone or right- 

pyrcmiid. 

To the area of tlie cnrred snrface or side &.ces 
(found bj Rule 2), add the area of the base. 

Note 1 . — To find the height of a right-cone or right- 
pyramid, when its volume and the area of its base are 
given. — Divide three times the volume by the area of the 
base. 

Note 2. — To find the area of the base of a right-cone or 
right-pyramid, when its volume and height are given. — 
Divide three times the volume by the height. 

Note 3. — The volume of a right-cone is one-third of the 
volume of a right-cylinder having the same base and the 
same height ; and the volume of a right-pyramid is one- 
third of the volume of a right-prism having the same base 
and the same height. 

Note 4s. — The volume of an oblique cone dab is equal to 
the volume of a right-cone gab, having ^ ^ 

the same area for the base, and lying -,».- --^ 

between the same parallel jplanes, / i \>// / 

Hence, the volume of an oblique cone / La / I 

(fig, 4) is found by multiplying the ''[/\ A / 

area of the circular base by the per- aJ^ [^^''""^Si 

pendicular height c G (and not by the C c J^ 

axis Cd). With regard to the curved ^^ 

surface of an oblique cone, it can be 
shown that the greater the obliquity is, the greater is the 
curved surface. No simple expression can be given for 
finding the curved surface of an oblique cone. The same 
remarks will apply to the case of an oblique pyramid. 

Example 1. — ^Find the volume of a cone, when the cir- 
cumference of its base is 21 ft., and its height is 24 ft. 
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Area of base, by Rule 2, Prob. XII.=21« x ^=iffL sq. ft» 

Then, volume of coiie=^S|Xx 24x^=^41^ cub. ft. = 
28012^ cub. ft. 

Example 2.*-Emd the curved surface of a cone whose 
diameter is 10 ft. 6 in., and slant height is 18 ft. 

The circumference of base, by Rule 1, Prob. XL. =10 ft. 
6 in. xV =38 ft. 

Then, curved surface=33 x 18 x ^=297 sq. ft. 

Example 3. — The volume of a triangxdar pyramid is 
792 cub. ft., and its height is 36 ft. ; find the area of the 
base. 

Now, 792 x 3=2376 cub. ft. 

Then, by Note 2, Area of base=2376-^36=66 sq. ft. 

Example 4. — ^The base of a pyramid is a square, each 
side of which is 24 ft. ; the length of the straight line 
drawn from the vertex to the middle point of any side of 
the base is 37 ft. Find the volume. 

Referring to fig. 1, we have the right-angled triangle 
OCF, of which the hypothenuse gf is 37 ft., and the base 
CF (half the length of a side of the base) is 12 ft. ; and it 
is necessary to find, in the first place, the perpendicular co, 

which is= -v/37«- 12^=35 ft. 

Then, volume of pyramidssarea of base x 35 x ^ 

=24 X 24 X 35 X ^=6720 cub. ft. 

I. Volume = area of base x perpendicular 

height X ^. 

n. Curved surface = perimeter of base x 

slant height x ^. 

_ _ J in. Whole surface = curved surface + area of 
Formul89l j^ 

TT • 1 ^ volume 

^^ ""area of base 

V. Area of base =^^ 
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[Observe that all the cones and pyramids mentioned in 
the following Examples are right-cones and right-pyramids ; 
and that when height or aUUiide is mentioned, it refers to 
the perpendicvlar height, unless otherwise stated. Also 
bear in mind that it is necessary to know the perpendicular 
height before finding the volume of a cone or pyramid ; bat 
the sUxiU height in finding the curved surfobce.'} 



Examples. 

Find the volume of a cone, when the area of its base 
and its height are, respectively—* 

(1) Area of base 90 sq. in., and height 3 ft. 6 in. 

(2) Area of base 2 sq. fb. 12 sq. in., and height 12 fb. 

(3) Area of base 11 sq. ft. 24 sq. in., and height 18 ft. 

Find the volume of a cone, when the dimensions are, 
respectively — 

(4) Diameter of base 14 in., and height 3 ft. 6 in. 

(5) Diameter of base 7 ft., and height 10 ft. 

(6) Diameter of base 5*6 ft., and height 14 ft. 

(7) Circumference of base 14 ft. 8 in., and height 9 ft. 

(8) Circumference of base 29 ft. 4 in., and height 21 ft. 

Find the volume, and also the curved surface, of the 
following cones, when the dimensions are, respectively — 

(9) Radius of base 3 ft. 6 in., and slant height 5 ft. 10 in. 

(10) Radius pf base 2 ft. 4 in., and slant height 4 ft. 5 in. 

(11) Radius of base 12 ft., and slant height 37 ft. 

(12) Circumference of base 44 ft., and slant height 25 ft. 

Find the volume of a pyramid, when the area of its base 
and its height are, respectively — 

(13) Area of base 64 sq. in., and height 1 ft. 9 in. 

(14) Area of base 2 sq. ft. 36 sq. in., and height 6 ft. 
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Find the volume of a < pyramid with the following 
dimensions :— 

(15) When its base is a square, each side measuring 
8 ft. 4 in. ; and height 9 fb. 

(16) When its base is an equilateral triangle, each side 
measuring 4 ft. ; and height 15 ft. 

(17) When its base is a regular hexagon, each side mea- 
suring 6 ft. ; and height 30 ft. 

Find the whole sur£Ekce of the following pyramids : — 

(18) When each side of its square base is 8 fb., and the 
slant height is 20 ft. 

(19) When each side of its triangular base is 6 ft., and 
the slant height is 18 ft. 

(20) When each side of its square base is 26 ft., and the 
perpendicular height is 84 ft. 

Find the diameter of the base of a cone, when its 
Yolume and height are, respectively — 

(21) Volume 51 cub. ft. 576 cub. In., and height 9 ft. 

(22) Volume 492*8 cub. ft., and height 15 ft. 

Find the height of a pyramid, when its volume and its 
base are, respectively — 

(23) Volume 26 cub. ft. 936 cub. in., and each side of its 
square base is 3 fb. 6 in. 

(24) Volume 20 cub. ft., and the sides of its triangular 
base are, respectively, 5 ft., 4 ft., and 3 ft. 

(25) The area of the curved surface of a cone is 99 sq. ft., 
and the radius of its base is 2 ft. 7^ in. ; find its slant 
height. 

(26) The slant height of a cone, whose curved surface 
measures 2310 sq. ft., is 35 ft. ; find its height. 

(27) The length of the line drawn from the vertex of a 
pyramid to the comer of its square base, each side of which 
measures 40 ft., is 101 ft. ; find its volume. 
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(28) The volume of a pyramid, whose base is a square, 
each side of which measai-es 5 ft., is 200 cub. fb. ; find the 
whole surface. 

(29) How much ground will the base of a pyramid cover 
which contains 102 cub. yds. 21 cub. fb. of earth, and whose 
height is 45 ft. ? 

(30) A conical mound of earth measures 2G4 yds. all 
round the base, and the length of its slope, from the foot to 
its summit, is 70 yds. ; find the number of cubic yards in 
the mound* 

(31) Find the height of a conical vessel, whose diameter 
at the base is 2 ft. 4 in., in order that its volume may be 
the same as that of a cubical vessel which measures 3 ft. 
every way. 

(32) How many cubic feet of lead will be required for 
covering a conical spire which measures 35 ft. round at the 
base, and whose slant height is 30 fb. ; supposing that the 
lead is -^ of an inch thick. 

(33) A cubic inch of gold weighs 11 oz. avoir. ; find 
what weight will be used in making a solid gold ornament, 
in the shape of a square pyramid, each side of its base 
being 3 in. long, and its height 6 in. 

(34) Find the volume of a pyramid with an equilateral 
triangular base, each side of which measures 8 ft., and 
whose height is 33 fb. ; supposing that there is a hollow 
part in the middle, in the shape of a cone, whose diameter 
is 7 fb. and height 21 fb. 

(35) Find the expense of covering a conical spire 
which measures 40 fb. round the base, and whose slant 
height is 30 fb., with lead which is -^ of an inch thick; 
supposing that 1 cub. in. of lead weighs 6^ oz. avoir., and 
that lead is worth 4(2. per lb. 

(36**) Find the volume of a right cone, the height 
of which is 15 ft., and the circumference of the base is 
14 ft. 

(37*) How much canvas is necessary for a conical tp 
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the altitude of which is 8 ft., and the diameter of the base 
7ft.? 

(38*) The circumference of the base of a cone is 12 ft. 
6 in., and its perpendicular height is 8 ft. 3 in. ; find its 
volume. 

(39) A conical tent, whose slant height is 12 ft., requires 
132 sq. ft. of canvas to cover it ; find how much ground the 
tent covers. 

(40**) A right-angled triangle, of which the sides are 3, 
4, and 5 in. in length, is made to turn round on the side, 
the length of which is 4 in. ; find the curved surface and 
the volume of the cone. 

. (41**) What is the whole superficies of a square pyra^ 
mid, each side of the base of which is 12 ft., and its slant 
height is 25 ft. P 

(42**) What will be the cost of painting a conical spire, 
whose slant height is 118 ft., and whose circumference at 
the base is 64 ft., at 8d. per square yard P 

(43*)' A cone, 3 ft. high and 2 ft. in diameter at the 
bottom, is placed on the ground, and sand is poured over it 
until it makes a conical heap 5 ft. high, and 30 ft. in cir- 
cumference ; how many cubic feet of sand are there ? 

(44**) How naany gallons are contained in a vessel, 
which is in the shape of a right cone, the radius of the baee 
being 6 ft., and the length of the slant height 10 ft. ? 
(1 gallon=277i cub. in.) 

(45**) A pyramidal roof 16 ft. high, standing on a square 
base, each side of which is 24 ft., is covered with sheet-lead 
1^ of an inch thick ; what is the weight of the lead, sup* 
posing a cubic inch to weigh 7 oz. avoirdupois P 

(46*) What length of canvas, | yd. wide, is required to 
make a conical tent 12 ft. in diameter, and 8 ft. high P 

(47*) What length of canvas, f yd. wide, is required to 
cover a conical tent 16 yds. in diameter, and 10 ft. high ? 
(48*) A conical wine-glass is 2 in. wide at the top, and 
deep ; how many cubic inches of wine will it hold ? 
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(49**) How many* yards of canvas, -Jyd. wide, will bo 
required to make a conical tent 8 fb. bigh, and 10 ft. in 
diameter ? How many cnbic feet of air will tbe same 
contain? 

(50*) A cylindrical stick, Jin. tbick, is sbarpened at 
one end into tbe sbape of a cone, tbe slant side of wbicb is 
•^j of an in. long ; boW mncb wood is cut away in doing 
tbis? 

(51) Tbe radius of a cylinder is 7 ft., and its beigbt is 
12 ft. , find tbe perpendicular beigbt of a cone tbat sball 
have tbe sa/me base and area of curved surface as tbe 
cylinder. 

(52*) A square tower, 21 ft. on eacb side, is to bave eitber 
a flat roof covered witb sbeefc-lead wbicb costs 6d, per 
sq, ft., or a pyramidal roof, wbose vertical beigbt is 10 ft., 
covered witb slates wbicb cost IBs. 9d, per bundred, and 
eacb of wbicb bas an exposed surface of 10 in. by 9 in. ; 
find tbe cost in eacb case. 



XXn. THE ERUSTUM OF A RIGHT-CONE OR 

RIGHT-PYRAMID. 

Definitions, — Tbe frustum of a cone or pyramid is tbat 
part of tbe cone or pyramid wbicb remains wben its top 
part bas been cut off by a plane parallel to tbe base. Tbe 
top part cut off, in tbe one case, is a cone, and in tbe otber 
a pyramid. 

Tbe base ab and its opposite face de are called tbe ends 
of tbe finstum. 

GF, tbe perpendicular drawn from one end to tbe otber, 
is called tbe perpendicular height ; or, more generally, 
simply tbe JieigU of tbe frustum. 

AD is, in tbe case of tbe cone (fig. 1), tbe sla/at hetghtf 
and is tbe bypotbenuse of a rigbt-angled tmngle dla, of 
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whicli the perpendicular is dl, the height of the frustum ; 
and the base is al, the difference between the radii of the 
two ends. 

c c 





Fig. 1. 



Fig. 2. 



The slant height of the frustum of a pyramid (fig. 2) is 
measured from the middle of a side of one end to the middle 
of the corresponding side of the other end. 

The whole surface of the frustum of a cone (fig. 1) is the 
areas of the two circular ends added to the area of the 
curved surface. 

The whole vwrface of the frustum of a pyramid (fig. 2) is 
the areas of the two ends added to the area of the side faces. 

[N.6. — The attention of the Student in this chapter is 
entirely confined to the consideration of the frustum of a 
righUoxmQ and of a n^^^pyramid.] 



Rules. — (1) To find the volume of *he frustum of a 

cone or pyramid. 

To the areas of the two ends of the frustum add 
the square root of their product ; multiply the sum 
by the height of the frustum ; and one-third of the 
product will be the volume. 
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(2) To find the volv/me of thefmstitmi of a cone^ when 
the diameter or radii of the two ends are gwen, 

(a) Add the squares of the radii of the ends to the 
product of the radii ; multiply the sum by the height, 
and this product by V > one-third of the result is 
the volume. 

(h) Or, add the squares of the diameters of the 
ends to the product of the diameters ; multiply the 
sum by the height, and this product by {^ ; one- 
third of the result is the volume. 

(3) To find the curved surface of the frustum of a 
cone, or the area of the side faces of the frustum of 
a pyramid. 

Add together the circumferences or perimeters 
of the two ends; multiply the sum by the slant 
height of the frustum, and half the product is the 
area. 

(4) To find the whole surface of the frusttmi of a cone 

or jpyramid. 

To the area of the curved surface or side faces^ 
add the areas of the two ends. 

Example 1. — Find the volume of the frustum of a cone, 
"v^hen the diameters of its ends are, respectively, 16 ft. and 
9 ft., and the height of the frustum is 24 ft. 

By Rule 1: Area gf one end=16« x-}^=256 x-j^; the 
area of the other end = 9*x^-i = 8Ix4T; the square 
root of the product of these areas = -v/256 x -J^ x Sr^Tj- j 

=|J-v/266xbl=^ X 16 X 9=:|i X 144. Add these results, 
and we have \\ multiplied by the sum of 256, 81, and 144 ; 
that is, IJx 481. 

Then, volume= J x 24 x 481 x ^z:zl^^:=^Z02^ cub. ft 
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Example 2. — ^Find the volume of the frustiim of a square 
pyramid, each side of oue of its ends being 8 ft., and each 
side of the other end 4 ft., and the perpendicular height is 

10 ft. 

The area of one end=s8^=64 ; the area of the other end 
=4^=16; and the square root of the product of these 
areasss v'SJx 16=8 x 4=32. 

Adding together 64, 16, and 32, we have 112. 
Then, volume=112 x 10 x ^=373^ cub. ft. 

Example 3. — ^Find the curved surface of the frustum of a 
cone whose slant height is 16'5 ft., and the circumference of 
its two ends are, respectively, 14'2 ft. and 11*8 ft. 

The sum of the circumferences of two ends=14'2 + 11*8 
=26 ft. 

Then, curved surface=26 x 16*5 x ^=2145 sq. ft. 

/ I. Volume= {area of one end + area of 
other end+ //(area of one end x area 

of other end)} x — | — 

o 

n, Volume= {radius of one end* + radius 

of other end* + product of two radu} 

22 ^ height 

^"7 3"" 

III. Volume = {diameter of one end* 

+ diameter of other end* + product 

of two diameters} X ^— x — § — 

14 3 

rV. Curved surface =: {circumference of 

one end + circumference of other 

V. Whole surface=curved surface -f areas 
\ of two ends. 

[Observe that the following questions refer only to the 
^stum of a right-cone or to that of a right-pyramid, 



Formulas 
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and that it is necessary to know the perpendicula/r height 
before finding the volnme, and the slant height before find- 
ing the curved surface. When the word height occurs 
alanSy it refers to the perpendicular height.] 



Examples. 

Find the volume of the firustum of a cone, when the 
dimensions given are — 

(1) Radii of circular ends 5 ft. and 4 ft., and height 6 ft. 

(2) RadiL of circular ends 8 ft. and 6 ft., and height 15 ft. 
(8) Badii of circular ends 10 ft. 6 in. and 7 ft., and 

height 12 ft. 

(4) Radii of circular ends 3 ft. 10 in. and 3 ft., and slant 
height 2 ft. 2 in. 

(5) RadiL of circular ends 6 ft. '5 in. and 3 ft. 6 in., and 
slant height 7 ft. 7 in. 

Find the curved surface of the frustum of a cone, when 
its dimensions are, respectively — 

(6) Radii of circular ends 6 ft. and 5 ft., and slant height 

14 ft. 

(7) Radii of circular ends 14 ft. and 7 ft., and slant 
height 30 ft. 

(8) Radii of circular ends 14 ft. and 6 ft., and height 

15 ft. 

(9) Radii of circular ends 14 ft. and 7 ft., and height 
24 ft. 

(10) Find the volume of the frustum of a square pyra- 
mid whose height is 24 ft., and the sides of its square ends 
are, respectively, 9 ft. and 4 ft. 

(11) The length of each side of the base of the frustum 
of a square pyramid is 16 ft., and of each side of the top is 
9 ft. ; the height of the frustum is 30 ft. Find its volume. 

(12) The slant height of the frustum of a square 
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pyramid is. 20 fb., the length of each side of its sqiiare base is 
40 fb., and of each side of its top is 16 ft. ; find its Yolame, 

(13) The slant height of the spire on a church tower, in 
the shape of the frustum of an hexagonal pyramid, is 20 ffc.; 
the length of each side of its base is 5 ft., and of its top 
2 ft. How many square feet of lead will be required for 
covering its side faces and top ? 

(14) Find the expense of polishing the curved surface of 
a column of marble, in the shape of the frustum of a cone, 
whose slant height is 12 fb., and the radii of the circular 
ends are 3 fb. 6 in. and 2 ft. 4 in. respectively, at 28, 6d, per 
sq. fb. 

(15) Find the cost of the mast of a ship, in the shape of 
the frustum of a cone, at 2«. 6d, per cub. fb., when its per- 
pendicular height is 51 ft., and the circumference at one 
end is 5 fb. 6 in., and at the other end 1 ft. 10 in. 

(16) A bucket is 1 fb. 4 in. deep ; its diameter at the top 
is 1 ft. 6 in., and at the bottom 1 fb. Find how many gallons 
of water it will hold, when there are 6-}- gallons to a cub. ft. 

(17) How many cubic inches of lead will be required for 
covering the curved surface and the bottom of a vessel, in 
the shape of the frustum of a cone, with lead -j^g- of an in. 
thick ; the diameter of the top of the vessel is 7 fb., and of 
the bottom 3 ft. 6 in., and the perpendicular depth is 
2fb. 4in.P 

(18) Supposing that an ordinary glass tumbler, in the 
shape of the frustum of a cone, is 3^ in. wide at the top, 
and 2^ in. wide at the bottom, and that its depth is 4^ in. ; 
find how many cubic inches of water it will hold. 

(19) A marble column, in the shape of the frustum of a 
square pyramid, is 18 ft. high ; the length of each side of its 
base is 4 ft., and of its top 2^ fb. Find its volume. 

(20) An iron vessel without lid, in the shape of the 
frustum of a cone, has the following internal dimensions : — 
The diameter at the top is 1 ft. 9 in., at the bottom 7 in., 
«ind the depth 1 ft. 8 in. ; whilst its corresponding external 
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dimensions are 2 ft., 9 in., and 1 fb. 1 in. Find how many 
cnbic inches of iron were used in its construction. 

(21*) Find the content of a cask, in the form of a conical 
frustum, the radii of its ends being 2 fb. and 3 fb., and the 
height 5 ft. 




XXni THE WEDGE. 

Defhiitions, — A wedge is a solid of which the hase or 
thick end abcd is a rectangle ; the two ends A EC, bfd are 
triangles ; and the two opposite D c 

faces AEFB, CEFD meet in the 
ec^ge or thin end^Y, and are either 
rectangles or trapezoids. 

In the commion wedge we have 
EFs=A6=ci), and the solid be- 
comes a triangular prism, of 
which its ends A EC, bdf are equal 
and parallel isosceles triangles, f 

and its base and two side &ces are rectangles. 

The vohi/me of a common wedge is the same as that of a 
triangular prism, and may therefore be found by multi- 
plying the area of its end bfd by ef, the length of the 
wedge. 

But when ef is not equal to ab or cd, then the two side 
faces eabf, ecdf are trapezoids; and the volume of such 
a wedge is found by the rule given below. 

The perpendicular height — or, as it is often called simply, 
the height — ^is the perpendicular drawn from any point in the 
edge EF to the hose abcd. 

[In some cases the base is a trapezoid; but it is de- 
sirable that the Student should confine his attention at 
present to the consideration of the simpler kinds of the 
wedge.] 
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Rules. — (1) To find the volume of a wedge. 

To twice the lengtih of the base or thick end, add 
the length of the thin end or edge ; mnltiplj the 
Bom b J the breadth of the base or thick end, and 
the product bj the height of the wedge ; one-sixth 
of the result is the yolnme of the wedge. 

(2) To fimjd the whole surface of a wedge. 

Find the area of each of its sides or parts, and 
add them together. 

Note. — ^To find the yolame of a wedge, when the area 
of a section of it, perpendicular to the edge, and also the 
length of its base and edge, are given. — ^Add together the 
edge and twice the length of the base, and divide the sum 
by 3, and the quotient is the mean length of the wedge. 

Multiplj the area of the section by the mean length, 
and the product is the volume of the wedge. 

Example 1. — ^Find the volume of a wedge, when the 
length and breadth of its base are 26 in. and 18 in., the 
length of the thin end or edge is 15 in., and the height 
is 28 in. 

Now, 26x2 + 15=52 + 15=67 in. 

Then, volume of wedge=67 x 18 x 28 x ^=5628 cubic in. 
=3 cub. ft. 444 cub. in. 

Examvple 2. — :The edge of a wedge is 110 in. ; the length 
of the base is 70 in., and its breadth is 30 in. ; the height 
of the wedge is 24*8 in. iFind its volume. 

Now, 2x70 + 110=140+110=250 in. 
Then, volume of wedge = 250 x 30 X 24-8 xi= 31000 
cub. in.=17 cub. ft. 1624 cub. in. 



FormulsB 



I. Volume=(2AB+EFXACxheightx^). 
11. Whole surfaces sum of the areas of all 
its sides or parts. 
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[N.B. — ^When the word height occurs alone, it refers to 
the perpendicular height — that is, to the straight line drawn 
from the edge perpendicular to the base.] 

Examples. 

(1) Find the volume of a wedge, of which the base is a 
rectangle, whose length is 12 in. and breadth 6 in. ; the 
edge is 12 in., and the height of the wedge is 10 in. 

(2) The edge of a wedge is 1 fb. 8 in. ; the base of the 
wedge is a square, each side of which measures 1 fb. 8 in. ; 
the height of the wedge is 3 fb. Find its volume. 

(3) Find the volume of a wedge, whose base is 3 ft. 6 in. 
long and 1 fl. 8 in. broad ; the length of the edge is 2 ft., 
and the height of the wedge is 2 fb. 6 in. 

(4) The length of the rectangular base of a wedge is 
20 in., and its breadth is 10 in. ; the edge is 11 in., and the 
height of the wedge is 2 ft. Find its volume. 

(5) The edge of a wedge is 1 ft. 3 in. ; the length of the 
base is 2 ft. ; the area of a section of the wedge made by a 
plane perpendicular to the edge is 1 sq. ft. 36 sq. in. Find 
the volume of the wedge. 

(6) The volume of a wedge is 1020 cub. in. ; its edge is 
15 in. ; its base measures 18 in. in length and 12 in. in 
breadth. Find its height. 

(7) Find the volume of a wedge, when the following 
dimensions are given : — 

AB = 4ft. 6 in.; EF = 3fb. ; AC = 1 ft. 4 in.; and ae=s 
1 fb. 5 in. 

(8) Find the volume of a wedge, when the following 
dimensions are given :— ^ 

AB=6'5 ft. ; EF=8 ft. ; AC=4'25 ft. ; and the line drawn 
from E to the middle of AC=12 ft. 

(9**) The length of the edge of a wedge is 5J in. ; the 
length of the base is 3 in., and its breadth is 2 in. ; the 
height of the wedge is 4 in. Find its volume. 

a 2 
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(10*) Find the solid contents of a wedge whose edge and 
lengili of the base are each 18 in. ; the breadth of the base 
is 8 in., and the height 30 in. 

(11) Find the whole surface of a wedge, when its base is 
5 fb. 6 in. long and 2 fb. broad ; the edge is 5 ft. 6 in., and 
the height of the wedge is 2 fb. 11 in. 



XXIV. THE PRISMOID, OR FRUSTUM OF A 

WEDGE. 

Defmitions, — ^A prismoid, or frnstnm of a wedge, is the 
solid that remains after a smaller wedge has been cat off 
by a plane parallel to the 
base. 

Thus ABGB is a pris- 
moid, having its ends bd 
and HF rectangles, its side 
faces ^B and hg either 
rectangles or trapezoids, 
and its side faces ED and 
FC always trapezoids. 

The side face a bod is A B 

also called the hose ; then its opposite fikce hefg is called 
the top. Both these side faces are sometimes called the 
encU of a prismoid. 

The perpendicular heighb-^OT, as it is generally called 
simply, the height — ^is the perpendicular drawn &om one end 
HF to the other end bd. 

If LKNM is the middle section of the prismoid — ^that is, a 
section parallel to and equally distant from each end — ^then 

AB '4' EiF 

its length. KH or iilj,=-^—- — ; and its breadth lk or mh 





_AD + EH 
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IluLES» — (1) To find the volume of a prismoid. 

Add together the areas of the two ends and four 
times the area of a section parallel to, and equally 
distant from, both ends ; multiply the sum' by the 
perpendicular height, and one-sixth of the product 
is the volume. 

(2) To find the whole surface of a jprismoid. 

Add together the areas of the two ends and of 
the four side faces. 

Note. — ^The length of the middle section is equal to half 
the sum of the lengths of the two ends ; and its breadth is 
equal to half the sum of the breadths of the two ends ; 
and the area of the middle section is equal to one-fourth 
the area of a rectangle having for its length the sum of 
the lengths of the two ends, and for its breadth the sum of 
the breadths of the two ends. 

Thus, four times the area of the middle section, men- 
tioned in the rule, is, in fact, the area of a rectangle having 
for its length the sum of the lengths of the two ends, 
and for its breadth the sum of the breadths of the two ends. 

Example 1. — The length and breadth of the lower end 
of a prismoid are 12 ft. and 10 ft., and those of the upper 
end are 15 ft. ajid 7 ft. ; the height is 9 fb. Find the volume' 
of the prismoid. 

The length of the middle section = — J — ; and its 

breadth= — i— ; so that four times its area is=27 x 17 = 

459 sq. ffc. 

The area of the lower end =12 x 10=120 sq. ft,; and 
area of upper 6nd=15 x 7=105 sq. ft. 

Hence, volume of prismoid = (120 + 105 -h 459) x 9 x ^= 
1026 cub. ft. 



126 THX PBISMOID. 

ExampU 2. — ^The length and breadth of a reservoir, in 
the shape of a prismoid, are 140 fl. and 80 ft. ; the length 
and breadth at the bottom are 100 fb. and 60 ft. ; the depth 
is 12 ft. Find how many cubic feet of earth were dng out. 

The area of the top=140x 80=11200 sq. ft. 
Area of the bottom = 100 x 60=6000 sq. ft. 

Also, length of middle sections ±^ =120 ft. ; and 

its breadth= — i — =70 ft. ; then four times area of this 

section=4 x 120 x 70 = 38600 sq. ft. 

Therefore volume = (33600 + 1 1200 + 6000) x 12 x ^ = 
101600 cub. ft. 

/ I. Volume = (area of top + area of 
I bottom + four times area of middle 

Formulfld -{ section) x height x J. 

II. Whole surface ^area of top + area of 
bottom + area of four side faces. 






[Observe that when the word height occurs alone, it refers 
to the perjpendicular height.] 

Examples. 

(1) How manj cubic feet are contained in a prismoid 
whose height is 2 ft. 6 in. and whosd top and bottom are 
rectangles, the lower rectangle measuring 40 in. by 28 in., 
and the upper one 20 in. by 14 in. ? 

(2) Find the volume of a prismoid whose bottom is a 
rectangle measuring 56 ft. by 40 ft. ; the top is a square 
measuring 48 ft. every way ; the height of the prismoid 
is 42 ft. 

(3) Find the volume of a prismoid whose base is a rect- 
angle measuring 24 ft. by 16 ft., and its top is also a rect- 
angle measuring 20 ft. by 12 ft. ; the height is 18 ft. 

^4) Find the solid contents of a prismoid whose height 
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is 12 ft., and whose ends are rectangles, the dimensions of 
the lower one being 200 ft. bj 160 ft., and the dimensions 
of the upper one 160 ft. by 128 ft. . 

(5) A railway coal- waggon is in the shape of a pris- 
moid ; its top is a rectangle 6 ft. by 4 ft., and its bottom is 
also a rectangle 4 ft. by 2 ft. 8 in. ; its depth is 4 ft. Find 
its volume, 

(6) How many cubic feet of water will a reservoir hold, 
which is of the uniform depth of 10 ft., whose surface is a 
rectangle measuring 80 ft. by 50 ft., and whose bottom is 
also a rectangle which measures 72 ft. by 40 ft. ? 

(7) A railway cutting is 50 yards long, and its width at 
the bottom is umformly 30 ft. The ends of the cutting are 
trapezoids. The width at the top of one end of the cutting 
is 80 ft., and its depth 30 ft. ; whilst the width at the top 
of the other end is 60 ft., and its depth 20 ft. Find how 
many cubic feet of earth have been removed. 

(8) The top and the bottom of a reservoir, in the shape 
of a prismoid, are rectangles ; the dimensions of the top 
being 200 ft. by 150 ft., and of the bottom 160 ft. by 130 ft. ; 
its uniform depth is 12 ft. Find the cost of excavation, at 
la, 6d. per cub, yd. 

(9) The ends of a railway cutting are trapezoids ; the 
parallel sides of one end 50 ft. and 30 ft., and the distance 
between them 30 ft. ; and of the other end the parallel sides 
are 40 ft. and 20 ft., and the distance between them is 
20 ft. ; the length of the cutting is 200 yds. Find the 
number of cubic feet of earth removed. 

(10**) The length of a railway cutting is 6 ch. ; the top 
width and depth at one end 120 ft. and 32 ft. respectively ; 
and at the other 108 ft. and 28 ft. ; and the bottom width 
is 24 ft* throughout. Find the cubic contents. 
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XXV. THE SPHERE. 

Definitions, — ^A sphere or globe is a solid bounded by a 
curved surface, every point of which ^ 

is equally distant from a certain point 
within the sphere, called the centre. 

The radi/u8 of a sphere is the 
straight line drawn from the centre 
to the surface. 

The dicmieter of a sphere is the 
straight lino drawn through the 
centre, and terminated at both ends B 

by the surface. 

Rules. — (1) To find the volume of a sphere. 

Multiply the cube of the diameter by ^, and 
divide the product by 6 ; that is. 

Multiply the cube of the diameter by J|-. 

(2) To fi/nd the curved surface of a sphere. 
Multiply the square of the diameter by ^ . 

Note 1. — To find the diameter of a sphere, when its 
volume is given. — Divide the volume by ^, and the cube 
root of the quotient is the diameter. 

Note 2. — To find the diameter of a sphere, when its 
curved surface is given. — ^Divide the curved surface by ^ ; 
and the square root of the quotient is the diameter. 

N'ote 3. — (a) The volume of a spherical shell may be fonnd 
by finding the volume of the whole sphere considered as a 
solid, and then also of the hollow part considered as a solid ; 
the difference between these two will be the volume of the 
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- (h) Or, the following rule may be employed : — Subtract 
the cube of the inner diameter from the cube of the outer 
diameter ; multiply the remainder by ^, and the product 
is the volume of the shell. 

N.B. — The outer diameter=sinner diameter +2 thickness 

of shell ; 
and inner diameter = outer diameter— 2 thickness 

of shell. 

Note 4. — The rules above give the answers with sufficient 
accuracy ; but should still greater accuracy be desirable, 
then take 3'14j16 as the multiplier, instead of ^. 

Note 5. — Of all solids, the sphere is that which contains 
the greatest volume under the least sur&ce ; that is, if we 
have a cube, a cylinder, a cone, a sphere, &c,j all jiaving 
the same surfskce, then the sphere will have the greatest 
volume of all these figures. 



V ■ , J 
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Note 6. — K EFGH is a sphere 
whose diameter is oh or ef, and if 
ABCD is its circumsciibing cylin- 
der — that is, is a cylinder whose 
height and the diameters of its cir- 
<.ular top and bottom are all equal 
to the diameter of the spher6 — 

Then it is found that the volume 
of the sphere is f of the volume of 
the cylinder. 

Note 7. — (a) All spheres are to one another as the cubes 
of their diameters ; so that, if 
the diameter of a sphere is twice 
that of another, then its volume* 
is 2* OP 8 times that of the other. 

Hence, if it is required to find the diameter of a sphere b- 

6 3 




180 THE SPHERE. 

whose volume is twice that of the sphere A, whose diameter 
is known, we have 

Volume of sphere B=2 volume of sphere A. 

(Diameter of b)' x ^= 2 x (diameter of a)« x i{. 

Striking out the factor ^, which is common to hoth 
sides, we have 

(diameter of b)'=2 x (diameter of a)*. 

And since the cube roots of these quantities are also 
equal, we have 

diameter of B=diameter of a x V 2. 

Therefore, if the diameter of a sphere A is multiplied 

by \/2j we shall have the diameter of another sphere b, 
whose volume is twice that of the given sphere. 

If the diameter is multiplied by 1/ 3, we shall have the 
diameter of another sphere whose volume is three times 
that of the given sphere ; and so on. 

But if the diameter is divided by 1/ 2, we shall obtain 
the diameter of another sphere whose volume is only half 
as much as that of the given sphere ; if it is divided bj 
V 3, we shall have the diameter of another sphei*e whose 
volume is one-third that of the given sphere. 

(6) Or, a process similar to that given in Note 2, h, 
Prob. XVIIL, may be adopted. 

Example 1. — ^Find the volume of a cphere whose diameter 
is 5 ft. 3 in. 

Here, 5 ft. 3 in. =63 in. 

Then, volume of sphere=63*xii=130977 cub, in- 
a=76 cub. ft. 1377 cub. in. 

Example 2. — ^Find the volume of a spherical shell whose 
outer diameter is 11 in. and the thickness of the shell 
is 1 in. 

Here, the inner diameter=outer diameter— twice the 
thickness s 11 — 2=9. 
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Then, by Note 3, h : 

The cube of 11 ib 1331, and the cnbe of 9 is 729 ; and 
the difference of these two is 602, which, being multi- 
plied by iJ, gives 315J: cub. in,— the Tolume of the 
shelL 

Example 3. — The volume of a sphere is 4851 cub. in. ; 
find its diameter. 

By Note 1 : 

The diameter=:»/ 4861 x ||= V926i =21 in.s=lft. 9in. 



Formulas 



I I. Volume = diameter' x^. 
J 11. Sur&ce = diameter* xy. 
m. Diameter = ^volume xf^. 
, IV. Diameter = ^sur£Ebce x^. 



Examples. 

Find the volume of a sphere, when its diameter is — 

(1) Diameter 14 in. (2) Diameter 3 ft. 6 in. 

(3) Diameter 5 ft. 10 in. (4) Diameter 10 ft. 6 in. 

(5) Diameter 17 ft. 6 in. (6) Diameter 147 ft. 

(7) Diameter 42 ft. (8) Diameter 84 ft. 



Find the surfiioe of a sphere whose diameter ii 

(9) Diameter 10 in. (10) Diameter 1 ft. 9 in. 

(11) Diameter 2 ft. 4 in. (12) Diameter 7 ft. 
(13) Diameter 42 ft. (14) Diameter 105 ft. 

Find the solid contents of a spherical shell whose external 
and internal diameters are, respectively — 

(15) External diameter 10 in., and internal diameter 8 in. 

(16) External diameter 14 in., and internal diameter 13 in. 

(17) External diameter 3 ft., and internal diameter 2*8 ft. 

(18) External diameter 1 ft. 7 in., and internal diameter 
1 ft. 5 in* 
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Find the diameter of a sphere whose volume is— 

(19) Volume 75 cjiib. ft. 1377 cub. in. 

(20) Volume 179 cub. ft. 1152 cub. in. 

(21) Volume 1047'816 cub. ft. 

(22) Volume 38-808 cub. yds. 

Find the diameter of a sphere, when its surface is — 

(23) Surface 616 sq. in. 

(24) Surface 38 sq. ft. 72 sq. in. 

(25) Surface 427 sq. ft. 112 sq. in. 

(26) Surface 9856 sq. ft. 

(27) How many cubic inches of lead will be used in 
making a shell ^ an in. thick, whose external diameter 
is 7 in. ? 

(28) How many gallons of water will a hemispherical 
bowl hold, whose diameter is 21 in., when a cubic foot 
contains 6^ gallons ? 

(29) The weight of a cubic inch of iron is 4^ oz. avoir- 
dupois ; how much will a sohd baU weigh whose diameter 
is 5 in. ? 

(30) What must be the external diameter of a spherical 
shell ^ an in. thick, that its hollow part may contain 
113| cub. in. ? 

(31) A hemispherical bowl, made of lead 1 in. thick, 
holds 11 cub. ft. 396 cub. in. of water ; how many cub, in. 
of lead were used in its construction ? 

(32) Find how many sq. feet of lead will be used in 
making 16 hemispherical bowls, when the diameter of each 
is 2 ft. 4 in. 

(33) The circumference of the dome on a large building, 
in the shape of a hemisphere, is 66 ft. ; find how many 
sq. ft. of lead will be used in covering it. . 

(34) Find the diameter of the mouth of a cannon that 
fires a ball of 24 lbs. weight, when 1 cub. in. of iron weighs 
'' ", avoirdupois. ^ • 
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(35**) What is the weight of a spherical shell 10 in. in 
diameter and 2 in. thick, composed of a substance of which 
1 cub. ft. weighs 216 lbs. ? 

(36*) A circular room has perpendicular walls 15 ft. high, 
the diameter of the room being 28 fb. ; the roof is a hernia 
spherical dome. Find the cost of plastering the whole 
surface, at 9d, a sq. ft. ; and the cost of a string moulding 
round the springing of the dome, at ISd. per fb^ 

(37*) The weight of an iron ball whose diameter is 
4 in. is 9 lbs. ; find the weight of a shell whose external 
and internal diameters are 8 in. and 5 in. respectively, 

(38**) A shell is 7 in. in external diameter, and 2 in. 
thick ; what weight of powder will fill it, if 30 cub. in. of 
powder weigh 1 lb. ? 

(39*) Find the weight of an 11-in. spherical shell, whose^ 
thickness is 3 in., made of iron, weighing 4 cwt. to the 
cubic foot. 

(40**) A cylinder, 5 ft. long and 3 ft. in diameter, is 
closed by an hemisphere at each end; find the whole 
surface. 

(41**) If an iron ball, 4 in. in diameter, weighs 9 lbs., 
what is the weight of a hollow iron shell, 2 in. thick, whose:) 
external diameter is 20 in.? 

(42*) If 30 cub. in. of powder weigh 1 lb., what is the 
internal diameter of a shell that holds 15 lbs. ? 

(43*) If a leaden ball of 1 in, in diameter' weighs -^Ib., 
what is the diameter of a leaden ball that weighs 588 lbs.? 

(44**) Supposing a cubic inch of iron to weigh 4*2 oz.^ 
find the weight of a spherical solid shot 6 in. in diameter; 
and prove that three spherical shots of 3 in., 4 in., and 5 in. 
respectively in diameter would make together the same 
v^eight. 

(45*) How many gallons will a hemispherical bowl, 
2 ft. 4 in. in diameter, hold (a gallon = 277 cub. in.) ? and 
v^hat would it cost to gild the inner surface, at l^d, per 
sq. in.? 
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(46*) A Sidlton cheese is in the form of a cylinder, and 
a Datch cheese in the form of a sphere. Determine the 
diameter of the Datch cheese, which weighs 9 lbs., when a 
Stilton cheese, 14 in. high and 8 in. in diameter, weighs 
12 lbs. 

(47*) How many cubic inches of iron are there in a 
spherical cannon-ball 9 in. in diameter? If the ball 
is melted and cast into a conical mould, the base of which 
is 18 in. in diameter, find what the height of the cone 
will be. 

(48**) A hemispherical basin, 15 ft. in diameter, will 
hold 120 times as much water as a cylindrical tub, the 
depth of which is 1 ft. 6 in. ; find the diameter of the tub. 

(49*) A pyramid of lead is 14 in. high, and stands on a 
square base G in. long on each side ; how many spherical 
bullets '75 in. in diameter can be made out of it ? 

(50**) How many square inches of gold-leaf will gild a 
globe 18 in. in diameter ? 

(51) Find the diameter of an iron ball whose volume is 
half a cubic foot. 

(52**) If 4 cub. ft. of stone weigh 9 cwt., find the weight 
of a stone hemisphere of radius 2 yds. 

(53) The diameter of a globe is 7 in. ; find the diameter 
of another globe whose volume is three times that of the 
former. 

(54) The diameter of a sphere is 1 ft. 9 in. ; find the 
diameter of another sphere whose volume is only ^ that of 
the former. 
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XXVI. THE SEGMENT OF A SPHERE. 

Definitions. — A segment of a sphere is any part of a 
sphere cut off bj a plane. 

Thus, ADB is a segment of a d 

sphere ; and also the remaining part y^ !^~""^\ 

of the sphere afb is another seg- / \ 

. ^ ® a/- ic -Ab 

ment. K A 

If the plane passes through o, the I ^ I 

centre of the sphere, then it will \ - / 

divide the sphere into two equal >v / 

segments, called hemispheres. ^^- -"^^ 

The circle ab is called the base of 
the segment; and the perpendicular gd, drawn from c, the 
centre of the base ab, is the height of the segment adb. 

The whole surface of the segment of a sphere consists of 
the circular base ab and another portion called the curved 
or convex surface. 

Rules. — (1) To find the volume^ when the radius of the 
hose <md the height of the segment are given. 

To three times the square of the radius of th& 
base, add the square of the height ; multiply the 
sum by the height, and this product by ^. . 

(2) To find the volume^ when the diam^eter of the 
sphere a/nd the height of the segment are given. 

Erom three times the diameter subtract twice the 
height of the segment ; multiply the difference by 
the square of the height of the segment, and the 
product by ^. 

(3) Tofmd the curved or convex surface. 

Multiply the circumference of the sphere by the 
height; of the segment. 
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(4) To find the whole surface. 

To the curved siirfiMse (found by Rule 3), add the 
area of the circular base. 

r 

Example 1. — ^The diameter of the base of the segment of 
a sphere is 6 ft., and its height is 3 ft. ; find its volume. 

Now, radius of the base of the segment is=f =3 ft. ; and 
three times the square of this = 3*x3 = 27ft. ; and the 
square of the height=s3'^9 ft. 

Then, volume= (27 + 9) x 3 x i|= 36 x 3 x ^ =56^oub.ft. 

Example 2. — ^The height of the segment of a sphere is 
6 in., and the diameter of the sphere is 16 in. ; find the 
volume of the segment. 

Now, three times the diameter=3xl6in.=48in. ; and 
twice the height of the segment =2 x 6 in. =12 in. 

Then, volume = (48-12) x 62x^=36 x 36 x J^=678^ 
cub. in. 

Example 3. — ^Find the curved surface of the segment of a 
sphere whose height is 16 in., and the diameter of the 
sphere is 3 ft. 

Now, the circumference of the sphere=3 ft. x V=36 x V 
<=X-^5 in. 

Then, curved surface = circumference of sphere x height 
of segments^ x 16=^2^ sq. in.=1810| sq. in. . 
=12 sq. ft. 82f sq. in. 

/ I. Volume = {(3 X radius of base') 
+ height of segment^} X height of 
segment x ^. 
Volume = (3 diameter of sphere 
„ ., —2 height of segment) x height of 

n. Curved surface = circumference of 

sphere x height of segment. 
ni. Whole surface = curved surface + 
V areaof circular base. 
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Examples. 

(1) The height of the segment of a sphere is 4 ft., and 
the diameter of the sphere is 29 ft. ; find its volume. 

(2) The radius of the base of the segment of a sphere is 
24 in., and the height of the segment is 12 in. ; £nd its 
volume. 

(3) The radius of the base of the segment of a sphere is 
40 ft., and its height is 20 ft. ; find its volume. 

(4) The radius of the base of the segment of a sphere is 
16 in., and the radius of the sphere is 20 in. ; find its 
volume. 

(5) The diameter of a sphere is 21 fb., and the height of 
the segment is 5 ft. ; find the curved surface. 

(6) The inside of a washhand-basin is in the shape of 
the segment of a sphere ; the distance across the top is 
16 in., and its greatest depth is 6 in. ; find how many pints 
of water it will hold, reckoning 6^ gallons to the cubic foot, 

(7) The inside of a large bowl, in the shape of a seg- 
ment of a sphere, measures 2 ft. 6 in. across at the top, and 
its greatest depth is 1 ft. ; find how many gallons of water 
it will hold, when there are 6J^ gallons to the cubic foot. 

(8) How many square feet of lead will be required for 
lining the inside of a bowl, in the shape of a segment of a 
sphere^ which measures 40 in. across at the top, and whose 
greatest depth is 10 in. ? 

(9**) Find the weight of a pair of iron dumb-bells, each 
consisting of two spheres of 4J in. in diameter, joined by a 
cylindrical bar 6 in. long and 2 in. in diameter; an iron 
ball, 4 in. in diameter, weighing 9 lbs. 



188 



XXV 11, THE ZONE OF A SPHERE. 

De/imHons, — A zone of a sphere is any part abcd of a 
sphere which lies between two parallel planes ab and CD. 

The upper and bottom surfaces, ^ - ••;;iv;;;;::- -.^ „ 
which are called the ends of a zone, /^"^trnrrt^rrrrnTx 
are circular ; and the straight line .C* 'f "^V* 

drawn from the centre of each circular j I 

end to its circumference is called the \ / 

radius of that end. 

The height ef of a zone is the per" ' -*' 

penduyiilar disto/uce between the two parallel planes. 

The wJiole surface of a zone will consist of the areas of the 
two circular ends and the area of the curved or convex por- 
tion lying between these circular ends. 

BuLES. — (1) To find the volvme of tlie zone of a 

sphere. 

To three times the sum of the squares of the radii of 
the two ends, add the square of the height ; multiply 
the sum by the height, and the product by ^. 

(2) To fmd the curved or convex surface. 

Multiply the circumference of the sphere by tlie 
height of the zone. 

(3) To find the whole surface. 

To the area of the curved surface (found by 
Rule 2), add the areas of the two circular ends. 

Exfimple 1. — Find the volume of the zone of a sphere, the 
radii of whose ends are, respectively, 8 in. and 11 in., and 
whose height is 4 in. 
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The square of the radius of one end =8* =64; and the 
square of the radius of the other end= 11^=121. 
Then, 3(64+121) +42=671. 
Therefore, volume=571 x 4 x ^ — 1196/y ^^^* ^ 

Example 2. — Required the whole surface of the zone of 
a sphere, the perpendicular distance between the parallel 
ends being 3 ft., and the radii of the two ends being, respec- 
tively, 4 ft. and 6 fb. ; and the diameter of the sphere is 16 ft. 

The circumference of the sphere=16 x V' =-24^, 
Then, 

The curved surface = ^f^ y 3 = '-^ sq. ft.=:150f sq. ft. 
Area of upper end=82x-}4= VV sq. ft.= 60f sq.ft. 
Area of lower end=112 x H=-4F- sq. ft.= 9h-^ sq. ft. 

The whole surface s=296-^ sq. ft. 

I. Volumes {3(ae2 + pc2) + ef2} xbpx^. 
II. Curved sui^ace = circumference of sphere 
Formulaa \ x height of zone. 

III. Whole surface = curved surface + areas 
of two circular ends. 



Examples. 

(1) Find the volume of the zone of a sphere, the radii 
of whose ends are 12 in. and 10 in. respectively, and the 
height of the zone is 6 in. 

(2) The radii of the ends of the zone of a sphere ore 
6 ft. and 8 ft., and the height is 3 ft. ; find the volume. 

(3) Find the volume of the middle zone of a sphere, 
whose top and bottom diameters are each 8 ft., and the 
height is 4 ft. 

(4) Find the whole surface of the middle zone of a 
sphere whose diameter at the top and bottom is 9 ft. 4 in., 
and the height of the zone is 5 ft. 6 in. 
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(5) A bowl is in the shape of a zone of a sphere ; the 
radius of the top is 16 in. and of the bottom 4 in. ; the 
greatest depth is 10 in. Find the number of cubic feet of 
water that it will hold. 

(6) A bowl is in the shape of a zone of a sphere ; it 
measures 2 fb. across at the top, and 10 in. across at the 
bottom ; and its greatest deptb is 13 in. Find the number 
of gallons of water that it will hold, when 1 cubic foot 
contains 6^ gallons. 




XXVnL THE CIRCULAR BINGt. 

Befin/Uions. — A circular 
ring may be defined to be a 
cylinder bent into a ring. 

The length of a circular 
ring is represented by the 
dotted line, and is equal to 
the circumference of a circle 
of which FH or (a B+ thick- 
ness of ring) is the diameter. 

The length of the ring is 
also equal to half the sum of the outer and inner circum- 
ferences. 

The thickness of the ring AC or BD=half the difference 
of the outer and inner diameters. 

The outer diameter=mw-er diameter + twice the thickness 
of the ring. 

The in/ner diameter=ot*^er diameter— twice the thickness 
of the ring. 

Rules. — (1) To find the vohmve of a cireular ring. 

Multiply the area of a circular section of the ring 

.(which is found by multiplying the square of the 

thickness of tho ring by ^) by the length of the ringr. 
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(2) To find the area of the surface of a drcfula/r ring. 

Multiply the circiunfereiice of a circular section 
of tlie ring (wbich. is fonnd hy multiplying the 
thickness of the ring by \^) by the leng^ of the 
ring. 

Note, — ^A circnlar ring may be converted into a straight 
rod, and its volnme will then be found by the rule given 
for finding the volume of a cylinder. 

A B 

V^ g )H 

C D 

The length of the cylinder is FH=^y^=half the sum 

of the outer and inner circumferences. 

Example 1. — The inner diameter of a ring is 7 in., and 
its thickness is 1 in. ; find its volume. 

The outer diameter = 7 + 2=9 in. 

The area of a circular section of the ring ^l^xW 

The inner boundary of the ring=7x \2=22in. ; and 
outer boundary =9 x ^ =-^^ in. ; therefore the length of 
the ring=i(22 + J^)=25|in. 

Hence, volume of ring = area of circular section x length 
=|i X 26|= V^s =19|i cub. in. 

Example 2.'^The outer diameter of a ring is 10 in., and 
the inner diameter is 8 in. ; find its volume. 

Now, the thickness of the ring=— ~^=1 in. 

The area of a circular section of the ring=:l'x-^ 
==li sq. in. 

The length of the ring is the circumference of a circle 

whose diameter is fh, or a B-f thickness (see figure) ; that 
is, =9xV=J-f^in. 
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Then, volume of ringssarea of oircnlar sectioii x length 
-. ij. X -4^= 10|i— 22JJ cub. in. 

Excum^le 3. — ^The inner diameter of a ring is 12 in., and 
its thickness is 2 in. ; find the area of its surface. 

The thickness of the ring is 2 in. ; therefore the circnm- 
ference of a circular section of it =2 x V = V ^^« 

And the length of the ring is the circamference of a 

circle whose diameter is fh, or ab + thickness of ring, or 

14 in. ; and is thereforea=14 x y =44 in. 

Hence, surface of ring^circumference of circular section 

X length of ring 

=V x44=M^sq.in.=276f sq.in. 



FormulsD 



/ I. Volume =s area of circular section 
X length, 
n. Surfaces circumference of circular 
section x length. 

Examples. 

(1) The inner diameter of an iron ring is 12 in., ajid its 
thickness is 3 in. ; find how many cubic inches of iron were 
used in its construction. 

(2) The inner diameter of a ring is 16 in., and its thick- 
ness is 2 in. ; find its volume. 

(3) The inner diameter of a ring is 21 in., and its outer 
diameter is 24 in. ; find its volume. 

(4) The inner diameter of an iron ring is 14 in., and its 
thickness is 3 in. ; find its weight, when 1 cubic inch of 
iron weighs 4J oz. avoirdupois. 

(6) Find the cost of painting a circular ring whose outer 
diameter is' 16 ft., and inner diameter is 14 fb., at 3^. 
per sq. fb. 

(6) Iron weighs 4^^ 6z. avoirdupois per ouinc inch ; find 
the weight of an iron ring 2 ft. thick, and whose outer 
diameter is 15 fb. 
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XXrX. IRREGULAR SOLIDS. 

Definition, — ^An irregular solid is one which is irregulap 
in shape, and is not included nnder any of the preyions 
definitions — such as many blocks of stone, pieces of iron, &c. 

Rules. — (1) To find the volume of cm irregular aolidf 
which is hecmer them water, hy placing it m a 
vessel of known capacity. 

(a) Put the solid into any vessel of convenient 
form, snch as a rectangular cistern or cylinder. 
Ponr into the vessel as much water as will quite 
cover the solid. Take out the solid, and notice 
how much the water sinks in consequence. Then 
the volume of the solid is equal to the volume of a 
column of water having for its hose the base of 
the vessel, and for its height the distance through 
which the water has sunk by removing the solid. 

(6) Or, fill the vessel fdU of water at the first ; 
then put in the solid gently, and measure the volume 
of the water that runs over the sides of the vessel. 
(The volume of the water running over = volume of 
the solid.) 

(2) To find the volume of am, vrregula/r soUd from its 

weight 

Divide the weight of the solid, brought into 
ounces, by the weight of a cubic inch of that par- 
ticular substance ; and the quotient is the number of 
cubic inches in the soHd. 

(3) To fmd approonmately the volwme of an irregvla/r 

solid hy different measurements. 

Take breadth and depth of the solid at different 
points equally distant from each other. Take the 
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wcerage of these for the mean breadth and mean 
depth. Then the. volume of solid:=mean breadth 
X mean depth x length. 

(4) To find the capacity of any vessel. 

Weigh the vessel when empty ^ and then weigh it 
full of water ; the difference of these two weights is 
the weight of the water in the vessel. Divide the 
weight of water, brought into ounces, by 1000 oz. ; 
and the quotient is the volume of the vessel in cubic 
feet. 

Examples. 

(1) The length of a cubical vessel is 3 fb. ; an irregularly- 
shaped stone is put into it, and water poured into the 
vessel until the solid is quite covered: in taking out the 
stone, the water sinks 7 in. Find the volume of the stone. 

(2) In a cylindrical vessel, whose diameter is 14 in., is 
placed an irregular piece of iron ; water is then poured in 
until the solid is covered: on taking out the iron, it is 
found that the water in the v.essel has sunk 1^ in. Find the 
volume of the iron. 

(3) An irregular piece of granite ia placed in a rectan- 
gular vessel whose length is 4 fb. 2 in. and breadth 3ft.; 
water is poured into the vessel until the stone is covered : 
when the stone is taken out, the water sinks 8 in. Find the 
volume of the stone. 

(4) When a body entirely immersed in water is taken 
out of a vessel, it is found that it will require 2^ gallons 
wxyre to raise the water in the vessel to the same level as it 
was before ; find the volume of the solid, when 1 cubic foot 
contains 6^ gallons of water. 

. (5) Into a vessel, which is full of water, is placed a 
block of marble ; it is found that 3^ gallons of water have 
run over the sides of the vessel. Find the volume of the 
marble, when 1 cubic foot contains 6^ gaUons of water. 
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(6) A certain vessel when empty weighs 60 lbs. ; but 
when filled with water, it weighs 331^ lbs. Find the 
capacity of the vessel, when 1 cubic foot of water weighs 
1000 oz. avoirdupois. 

(7) An iron ring weighs 337^ lbs.; find how many cubic 
inches there are in the ring, when 1 cub. in. of iron weighs 
4J-0Z. avoirdupois. 

(8) A piece of lead weighs 123| lbs. ; find its volume, 
when 1 cub. in. of lead weighs 6y oz. avoirdupois. 

(9) A brass cannon weighs 3^ tons ; find how many 
cubic inches of brass were used in its construction, when 
1 cub. ft. of water weighs 1000 oz. avoirdupois, and brass 
is eight times as heavy as water. 

(10) How many cubic feet are there in a ton of coal, when 
1 cub. ft. of water weighs 1000 oz. avoirdupois, and coal is 
1^ times as heavy as water ? 

(11) Find approximately the solid contents of a block of 
marble, whose four equidistant measurements are 6 ft. by 
5ft., 5ft. by 4ft., 4ft. by 3ft., 3fl. by 2ft. ; the length of 
the block is 16 ft. 
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(23) 131-521 in.- 10ft. 11-621 in. (24) £34 13«. 9d, 

(25) 133956 sq. yds. » 27 ac. 2 roods 28 poles 9 sq. yds. 

(26) 16 yds. 

(27) 29241 sq. yds. -6 ac. rood 6 poles 19^ sq. yds. 

(28) 4 in. (29) £350. (30) £425. 
(31) 7-789 yds. wide, (32) 70 yds. 2 ft. 



(1 
(3 
(5 
(7 
(8 

(9 
(10 

(12 

(14 
(16 

(18 
(20 
(22 
(24 
(26 
(28 
(30 
(32 
(33 
(35 
(37 
(39 

(40 
(41 
(43 
(45 
(47 
(48 
(49 
(61 



III. THE RECTANGLE. 

6 sq. ft. 136 sq. in. (2) 14 sq. yds. 6 sq. ft. 

99 sq. ft. 95 sq. in. (4) 49 sq. ft. 54 sq. in. 

8 sq. ft. 27 J sq. in. (6) 11 sq. yds. 7 sq. ft. 48 sq. in. 
37800 sq. yds. = 7 ac. 3 roods 9 poles 17f sq. yds. 

226200 sq. links «= 2 ac 1 rood 1 pole 27'83 sq. yds. 
7705 sq. yds. = l ac. 2 roods 14 poles 21^ sq. yds. 
8748 sq. yds. (11) 41772 sq. yds. 

33-966 sq. fL (13) 11 yds. 2 ft. 

9 yds. 2 ft. (15) 4 yds. 2 ft. 8 in. 
121 yds. (17) 127 yds. 

2 chains 50 links. (19) 11 yds. 

£6 68. S^, (21) 7168 tiles. 

6 yds. 2 ft. 7i in. (23) 23 yds. 2 ft 1} in. 

£234 18, (25) £4 28. 2^, 

1 ft. 8 in. (27) £4166 13«. ^d, 

6 ft;. (29) £35 12«.; £32. 

151 J yds. (31) 7 chains. 
Square -» 626 sq. ft. ; rectangle » 400 sq. ft. ; difference 225 sq. ft. 

71f links. (34) 56 yds. 

' £23 08, 4^. (36) £37 16«. ^d, 

£12 19a. 9^^^. (38) 15 ft 

Square — 9604 sq. yds. ; rectangle — 2548 sq. yds. ; difference « 

7056 sq. yds. 
82668 sq. yds. — 17 ac. rood 12 poles 25 sq. yds. 

97 yds. 2} ft. (42) 28| planks. 

£11 68. (44) 2 ft. 4 in. 

14 ft. (46) 50 yds. 
70 yds. 

Diagonal of rectangle— 63 yds.; diag. of squares 50*199 yds. 

£118 8*. (50) 73ABq,yds. 

£28 48. (62) 10| in. 
£8 lU Zd. 
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IV. THE OBLIQUE PARALLELOGRAM. 

(1) 3 sq. ft. 93 sq. in. (2) 1164 8q. ft 54 sq. in. 

(3) 161 sq. yds. 8 sq. ft. 

(4) 26200 sq. yds. = 5 ac. rood 33 poles 1| sq. yds. 

(5) 1250 sq. polessTac. 3 roods 10 poles. 

(6) 337500 sq. links ^ 3 ac 1 rood 20 poles. 

(7) 5 ft. 6 in. (8) 143 yds. 

(9) 6 chains 25 links. (10) £45 Us, A^d. 

(11) 4 chains 20 links. (12) 6560 sq. ft. 

(13) 3960 sq. yds. (14) £90. 

(15) 1629-12 sq. ft. (16) 15-874 ft. 

(17) Side = 75 yds. ; height =72 yds. 



(1 
(^ 

(6 

(9 

(11 
(13 

(15 
(17 
(19 

(21 
(22 
(23 
(24 
(25 
(26 
(28 
(29 
(30 



(31 
(32 
(33 
(35 
(38 



V. THE TRIANGLE. 

500. (2) 105 sq. ft 132 sq. in. (3) 78*3 sq. yds. 

430560 sq. links = 4 ac. 1 rood 8 poles 27*3^8 sq. yds. 

12375 sq. yds.=2 ac. 2 roods 9 poles 2| sq. yds. 

20 ft. (7) 23 ft. 8 in. (8) 8 chains 33 links. 

5 chains 14 links. (10) 600. 

2730 sq. ft. (12) 5460 sq. ft. 

22386 sq. yds. (14) 92-4 sq. yds. 

7140 sq. yds. (16) 204-6 sq. yds. 

£250 78. Sd, (18) 420 sq. ft. 

4876 sq. yds. 6 sq. ft (20) £1 10^. 

Squares 225 sq. ft. ; triangle = 173*205 sq. ft 

1444 sq. yds. 

46410 sq. links = 1 rood 34 poles 7*744 sq. yds. 

£156 Ss. 11^. 

Farts 32 ft., 18 ft. ; areas 216 sq. ft., 384 sq. fb. 

393 sq. ft. 48 sq. in. (27) 168 ft. 

AC=143i5ft. ; AB«21|ft.; BD«22jft. ; and area =1471 sq. ft. 

23-61 ft 

Triaqgle-* 10000 sq. yds., or 2 ac. 10 poles 17 J yds.; parts = 

2000 sq. yds., or 1 rood 26 poles 3^ sq.yds.; and 8000 sq. yds.. 

or 1 ac. 2 roods 24 poles 14 sq.yds. 
7-154 ft. 

Area =504 sq. ft. ; perpendicular =21 ft 
£1179 15«. (34) 420 sq.ft. 

62-161 yds. (36) 800 sq. ft. (37) 2401 sq. ft. 

J 385-64 sq. ft. (39) 779-4 sq. ft. 
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VI. THE TRAPEZIUM. 

(1) 960 sq. ft. (2) 686*5 sq. ft. 

(3) 40000 sq. yds., or 8 ae. 1 rood 2 poles 9^ sq. yds. 

(4) 258600 sq. links, or 2 ac. 2 roods 13 poles 22*99 sq. yds. 

(5) 54 ft. (6) 248 yds. 
(7) 10 chains 20 links. (8) £87. 

(9) 60 ft. 9 in. (10) 4896 sq. ft. 

(11) 41216 sq. ft. (12) 2895*965 sq. ft. 

(13) 12686-706 sq. ft. (14) 468*7408 sq. ft. 

(16) 126 sq. yds. (16) 1260 sq. chains, or 126 ac. 

(17) 726531 sq. links, or 7 ac. 1 rood 2*4496 poles. 

VII. THE TRAPEZOID. 

(1) 1060 sq. ft. (2) 260 sq. ft. 

(3) 17000 sq. yd!9., or 3 ac. 2 roods 1 pole 29| sq. yds. 

(4) 1040000 sq. links, or 10 ac. 1 rood 24 poles. 

(6) 23 yds. 1ft. (6) 5 diains 14 links. 

(7) £6 16«. ed. (8) 3 chains 50 links. 
(9) 248 yds. 

(10) 148200 sq. lin s, or 1 ac. 1 rood 37 poles 3*63 sq. yds. 

(11) £2 128. per acre. 

Vm. THE REGULAR POLYGON. 

(1) 389*7 sq. in., or 2 sq. ft. 101*7 sq. in. 

(2) 935316 sq. ft. (3) 3270*51 sq. ft. 

(4) 4345-66 sq.ft. 

(5) 49242*88 sq. links, or 1 rood 38 poles 23*866392 sq. yds. 

(6) 1453-48 sq. ft. (7) £45. (8) 1000 tiles. 
(9) Hexagon 1662784 sq. ft. ; octagon 1738224 sq. ft. 

IX. THE IRREGULAR POLYGON- 

(1) 725010 sq. links, or 7 ac. 1 rood 12*684 sq. yds. 

(2) ABD + BCD » 4368 + 4620 <= 8988 sq. yds., or 1 ac. 3 roods 

17 poles 3| sq. yds. 

(3) ABB + EBD + BCD = 2070 + 4200 + 966 = 7236 sq. yds., or 1 ac. 

1 rood 39 poles 6 j- sq. yds. 
^4^ ABCB + EDO « 6264 + 1680 » 7944 sq. yds., or 1 ac 2 roods 
^2 poles 18^ sq. yda. 
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(5) ABC + ACB + CDB + AFB = 3192 + 6006 + 4290 + 714 « 14202 

sq. yds., or 2 ac. 3 roods 29 poles 14| sq. yds. 

(6) APHB + AFB + BDH + BCD = 30625 + 14000 + 2476 + 38000 = 

86100 sq. yds., or 17 ac. 2 roods 13 poles 6| sq. yds. 

(7) AGHF + AGB + FHB+BCB + CDB=: 12640+1701 + 1200+19380 

+ 17940 -» 62761 sq. yds., or 10 ac. 3 roods 24 poles 6 sq. yds. 

(8) AGDB + BCD + QFBD = 9010+1066+-6880 = 16966 sq. yds., or 

S ac 2 roods 16 sq. yds. 

X. OFFSETS, 

(1) 1044 sq, ft. 

(2) 464 sq. yds,, or 16 poles 10^ sq. yds, 

(3) 2942 sq. yds., or 2 roods 17 poles 7 J sq. yds. 

(4) 2146 sq. yds., or 1 rood 30 poles 27^ sq. yds. 

(6) 34020 sq. links, or 1 rood 14 poles 13-068 sq. yds. 
(6) 4860 sq. yds., or 1 ac. 20 sq. yds, 

XI. THE CIRCLE.— THE CIRCUMFERENCE AND 

DIAMETER. 

(1) 1 ft. 10 in, (2) 23 ft. 10 in. 

(3) 266 ft. 8 in. (4) 160 yds. 2 ft. 2 in. 

(6) 4 fur. 16 poles. (6) 29 chains 4 links. 

(7) 111-64 ft. (8) 374-22 fti. 

(9) 4 ft. 1 in. (10) 11 ft. 8 in. 
(11) 19 yds. 1 ft. 4 in. (12) 2 fur. 4 poles. 
(13) 1 chain 6 links. (14) 12-26 ft. 

(15) 99-96 ft. (16) 120 revolutions. 

(17) 3 ft 9ft in. (18) 3 J in. wide. 

(19) 17J ft Iride. (20) 63 yds. 

(21) 73 yds. 1 ft. (22) 11 ft. 9f in. 

(23) 16 chains 90i2 Unks, (24) 2 ft 7? in. 



XII. THE AREA OF A CIRCLE. 

(1) 1 sq. ft 10 sq. in. (2) 180 sq. ft 106 sq. in. 

(3) 386 sq. ft. 10 sq. in. (4) 17 sq. yds. 1 sq. ft. 

(6) 186-34 sq. yds. (6) 273 sq. yds. 7 sq. ft 

(7) 81466 sq. links, or 8 sq. chains 1466 sq. links. 

(8) 75-46 sq. ft (9) 4 sq. ft. 40 sq. in. 
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(10) 154 sq. ft. (11) 17 sq. ft. 16 sq. in. 

(12) 5544 sq. yds. 

(13) 985600 aq. yds., or 203 ac. 2 roods 21 poles 24| sq. yds. 

(14) 2 ft. 4 in. (15) 37 yds. 1 ft. (16) 66 yds. 
(17) 98 yds. (18) 192*249 yds. (19) 22 ft. 
(20) 396 yds. (21) 11 chains 44 links. (22) 852 yds. 

(23) 308 sq. ft. (24) 4 sq. yds. 2 sq. ft. 72 sq. in. 

(25) 49-638 ft. (26) 154 sq. ft. (27) £136 Ss. 

(28) £22 98. did. (29) 2*984 yds. (30) 39*597 ft 

(31) 1050 sq. in. (32) 28*284 in. (33) 4 8q. ft. 96 sq. in. 

(34) 12*409 ft. (35) 6*2048 ft. (36) 5544 sq. ft. 

(37) £18 17«. l^. (38) 754f sq. ft. 

(39) Bath 240 sq. ft. 90 sq. in. ; space left 65 sq. ft. 90 sq. in. 

(40) Square 1089 sq. ft. ; circle 1386 sq. ft. ; triangle 838*312 sq. ft. 

(41) 116} sq. yd8.«£l IBs. 9^. (42) 696| sq. ft.»£78 7s. 8^. 
(43) 539| sq. ft. (44) 5*196 ft. ; and 7*348 ft. 
(45) £1 lU. 9ijrf. (46) 792 yds. ^£69 6«. 

(47) Diameter 40*414 yds. ; widths 8*37 yds. and 6*423 yds. 

(48) 20*296 yds. 

(49) 3444} sq. ft.=£l2 15«. 1||<2.; 282f yds. = £3 10«. S^d.; and 

total »£16 5«. 10||(;. 

(50) 369271J sq. ft. = £512 17«. S'^. 



XIII. THE CHORDS OF A CIRCLE. 

(1) 41| ft (2) 41f ft;. (3) 50 ft. 4§f in. 

(4) 127-5 ft (5) 5*625 ft. (6) 4 ft. 

(7) 14 ft (8) 28*8 ft (9) 1 ft. 3 in. 

(10) 5 ft 5 in. (11) 7*7 ft. (12) 1*75 ft. 

(13) 2 ft. 1 in. (14) 6 ft. 5 in. (15) 69*375 ft. 

(16) 102 ft. (17) 240 ft 



XIV. THE ARC OF A CIRCLE. 

1) 11 in. (2) 11 in. (3) 45°. 

(4) 57^°. (5) 14 ft. 7J in. (6) 4 ft 4j in. 

(7) 42 ft. (8) 16i ft (9) 33-312 in. 

(10) 27-776 in. (11) 85J ft. (12) 141*209 ft. 

(13) Less arc= 107*274 ft. ; greater arc » 225*868 ft 

(14) Diameter » 289 ft. ; arc»282| ft 

(15) 222*562 ft. (16) 82*81 ft. (17) 246336 ft 
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XV. THE SECTOR OP A CIRCLE. 

(1) 77 sq. in. (2) 1 sq. ft. 112| sq. in. (3) 616 sq. ft. 

(4) Kadius = 36 ft. ; perimeter =92 ft. 

(6) 17 ft. 6 in. (6) 402*026 sq. ft. (7) 578-6625 sq. ft. 
(8) 903 sq. ft. (9) 159*8842 sq. ft. (10) 1563*129 sq. ft. 

XVI. THE SEGMENT OF A CIRCLE. 

(1) 646*176 sq. ft. (2) 191*482 sq. ft. (3) 159^ sq. ft. 

(4) 442^ sq. ft. (5) 392i? sq. ft. (6) 342^ sq. ft. 

(7) 81 6| sq. ft. (8) 2066| sq. ft. 

XVn. THE ELLIPSE. 

(1) 11 ft. (2) 33 ft. (3) 190 yds. 2 ft. 

(4) 11 chains. (6) 61 ft. (6) 100 ft. 

(7) 13 ft. 8 in. (8) 116 yds. (9) 8470 sq. ft. 

(10) 936 sq. ft. 110 sq. in. (11) 1078 sq. yds. 

(12) 7528 sq. yds. 8 sq. ft. (13) 3 sq. chains 7400 sq. links. 
(14) 20 ft. (15) 3 ft. 4 in. (16) 196 yds. 

(17) 2 chains 50 links. (13) £29 158, Od. (19) 112 yds. 
(20) 62 yds. (21) £2 28, 5^. 

XVin. THE CUBE. 

(1) V. = 27 cub. in. ; S.»54 sq. in. 

(2) V. = l cub. ft. 1016 cub. in. ; S.«8 sq. ft. 24 sq. in. 

(3) V.«614*126 cub. in. ; S.«3 sq. ft. IJ sq. in. 

(4) V.«ll cub. ft. 675 cub. in ; S.-30 sq. ft. 64 sq. in. 

(5) V. = 614 cub. ft. 216 cub. in.; S. = 433 sq. ft. 72 sq. in. 

(6) V.=8000 cub. ft. ; S. = 2400 sq. ft. 

(7) V.«381 cub. ft. 136 cub. in. ; S. = 316 sq. ft. 64 sq. in. 

(8) V. = 5359 cub. ft. 648 cub. in. ; S.«1837 sq. ft. 72 sq. in. 

(9) V. = 7226 cub. ft. 640 cub. in. ; 8. = 2242 sq. ft. 96 sq. in. 
(10) 7 in. (11) 1 ft. 6 in. (12) 2 ft. 6 in. 

(13) 4 ft 1 in. (14) 17 ft. (15) 8*4 ft. 
(16) 6 tons 2 qrs. 14 lbs. (17) 405 sq. ft 

(18) 6*299 ft. (l^ote 2, b). (19) 65*208 in. 
(20) 9 tons 8 cwt. 1 qr. 9 lbs. 12 oz. 
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(21) 4-473 in. (22) 612 cnb. ft 

(23) 6*868 ft (Note 2, b); 405 cab. ft. too large. 

(24) 3375 cub. ft (25) 3 ft. 6 in. 

(26) 261 Bq. ft 36 sq. in. (27) 16 tons 6 cwt. 1 qr. 22 lb». 

(28) 5 ft (29) 2 616 ft. 



XTX. THE RECTANGULAR PARALLELOPIPED. 

(1) V.«480 cnb. in. ; S.^2 sq. ft. 88 sq. in. 

(2) V.«7 cub. ft 1344 cub. in. ; S.«23 sq. ft. 112 sq. in; 

(3) V.«53 cub. ft 1152 cub. in. ; S.»86 sq. ft 112 sq. in. 

(4) V. = 2560 cub. ft. ; S.-1216 sq. ft. 

(5) v. »2703 cub. ft. 1620 cub. in. ; S. -1177 sq. ft. 864 sq. in. 

(6) V. = 157-78125cub. ft.; S. « 178-375 sq. ft 

(7) 970 cub. in. (8) 3 cub. ft 1596 cub. in. 
(9) 59 cub. ft. 360 cub. in. (10) 6 in. 

(11) 10 in. (12) 1ft 2 in. 

(13) 8 ft. 8 in. (14) 4 ft. 6 in. 

(15) £63 7«. llfl^. (16) 3229 cub. ft. 1044 cub. in. 

(17) 1 ton 10 lbs. (18) 18 cwt 15 lbs. 4 oz. 

(19) 62 sq. ft. 24 sq. in. (20) 15360 bricks. 

(21) 3 in. (22) 1080 books. 

(23) 1 ft. 8 in. (24) 46^ cub. ft 

(25) 30000 bricks. (26) 9 cub. ft. 368 cub. in. 

(27) £12 6s. did. (28) 3 tons 4 cwt. 3 qrs. 4 lbs. 13oz. 

(29) 24 ft. (30) 38*51 in. 

(31) 1 ton 3 cwt 3 qrs. 22 lbs. 4| oz. 

(32) 160|f$ gallons ; 14 cwt. 1 qr. 15 lbs. 6^ oz. 

(33) 1 cub. ft. 270 cub. in. (34) *000004 in. 

(35) 1815 cub. ft 

(36) Length =16 ft.; breadth«12 ft. ; depth =8 ft. 

(37) Lepgth = 7*942 ft.; breadth » 6*354 ft. ; depths 4*765 ft 

(38) 496 gallons. 



XX. THE CYLINDER AND THE PRISM. 

(1) 804 cub. in. (2) 4 cub. ft. 942 cub. in. 

(3) 126 cub. ft (4) 126*9 cub. in. 

(5) 19 cub. ft. 168 cub. in. (6) 180 cub. ft. 
'n V. = 1540 cub. in. ; S. = 3 sq. ft. 8 sq. in. 

'7.b21 cub. ft. 672 cub. in. ; S.a36 sq. ft. 96 sq. in. 
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(9) V. = 235 cub. ft. 1404 cub. in.; S.«115 sq. ft. 72 sq. in. 

(10) V.=.821 cub. ft. 676 cub. in. ; S. = 362 sq. ft 

(11) V.=42 cub. ft. 1344 cub. in. ; S. = 73 sq. ft. 48 sq. in. 

(12) 336 cub. in. (13) 720 cub. ft. 
(14) 1344 cub. ft. (15) 7 in. 

(16) Ifti. 2in. (17) 3 ft. 6 in. 

(18) 2 ft. 6 in. (19) 8 ft. 

(20) 20 ft. (21) 31 cub. ft. 864 cub. in. 

(22) 311-76 cub. ft. (23) 2160 cub. ft. 

(24) 31177-2 cub. in., or 18 cub. ft. 732 cub. in. 

(25) 1920 cub. ft. (26) 1996 sq. ft. 72 sq. in. 
(27) 7f cub. yds. (28) £7 28. 7^. 

(29) £3 28. lOfff. (30) 1746§ cub. yds. 

(31) 9«. 4d. per cub. yd. (32) 7392 yds. 

(33) 32 cub. ft. 144 cub. in. (34) £7 8«. 4^^^. 

(36) 1496 cub. ft (36) 3 cub. ft. 360 cub. in. ; 195. Zd. 

(37) 187-0632 cub. in, (38) £19 17«. lOd. ; £34 ds. id. 
(39) 2 cwt. 2 qrs. 14 lbs. lOf oz. (40) 2387 gallons. 

(41) 1 cub. ft 1157J cub. in. (42) 96 cub. ft. 432 cub. in. 

(43) 8 ft. (44) 8288^ gallons. 

(46) £18 68. Sd. ; £1 8«. e^. (46) 1 ft. 3ff in. 

(47) Price of wood=£l is. 2^. ; workmanship =£1 13«. ll|f<?. 

(48) 117333333jcub.yds. (49) 488ft coins. 
(50) 198-886 in., or 16 ft. 6*886 in.- (61) 8^ lbs. 

(62) 96 cub. ft 740$ cub. in. (63) 342| revolutions. 



XXI. THE PYRAMID AND THE CONE. 

(1) 1260 cub. in. (2) 8 cub. ft.' 676 cub. in. 

(3) 67 cub. ft (4) 1 cub. ft. 428 cub. in. 

(6) 128 cub. ft 676 cub. in. (6) 114986 cub. ^ 

(7) 61 cub. ft. 676 cub. in. (8) 479 cub. ft 192 cub. in, 
(9) V.«69 cub. ft. 1636 cub. in. ; S. = 64 sq. ft. 24 sq. in. 

(10) V.«21 cub. ft. 672 cub. in. ; S.«32 sq. ft 66 sq. in. 

(11) V.«6280 cub. ft. ; S. = 1396 sq. ft. 61f sq. in. 

(12) V. = 1232 cub. ft. ; S.«660 sq. ft. 

(13) 448 cub. in. (14) 4 cub. ft. 864 cub. in. 

(16) 33 cub. ft. 676 cub. in, (16) 34-64 cub. ft. 

(17) 936-316 cub. ft (18) 384 sq.ft. 
(19) 177-688 sq. ft (20) 6096 sq. fl^ 
(21) 4 ft 8 in. (22) 11-2 ft 
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(23) 6 ft. 6 in. (24) 10 ft. (26) 12 ft. 

(26) 28 ft. (27) 61710-933 cub. ft. 

(28) 266-29 Bq. ft. (29) 186 sq.ft. 

(80) 103488 cub. yds. (31) 18*936 ft. 

(32) 3 cub. ft. 1116 cub. in. (33) 198 oz. avoirdupois, 

(34) 35-332 cub. ft. (36) £73 2«. 6d. 

(36) 77|| cub. ft., or 77 cub. ft 1649^ cub. in. 

(37) 96^062 sq. ft. (38) 34 cub. ft. 310i cub. in. 
(39) 38 sq. ft. 72 sq. in. (40) V. « 47J cub. in. ;S.«47J sq.ft. 
(41) 744 sq. ft. (*2) £13 19^. Sjti. 

(43) 116x^4 cub. ft. (44) 18801^1 gallons. 

(45) 33 cwt. 3 qrs. (46) 27i| yds. 

(47) 326? yds. (48) H cub. in. 

(49) 21-96 yds. of canvas ; 209|^ cub. ft. 

(50) xfix cub. in. m 22-966 ft 
(62) £11 08. ed. ; £9 2«. 8|<?. 

XXII. FRUSTUM OF A CONE OR PYRAMID. 

(1) 383f cub. ft., OP 383 cub. ft. 740f cub. in. 

(2) 2326f cub. ft., op 2326 cub. ft. 1234f ctb. in. 

(3) 2926 cub. ft. 

(4) 73140 c^t. ft., OP 73 cub. ft. 1280 cub. in. 
(6) 666i?| cub. ft., OP 666 cub. ft.' 808 cub. in. 
(6) 484 sq. ft. (7) 1980 sq. ft. 

(8) 1068$ sq. ft, OP 1068 sq. ft. 82f sq. in. 

(9) 1660 sq. ft. (10) 1^64 cub. ft 
(11) 4810 cub. ft. (12) 13312 cub. ft 
(13) 430-392 sq. ft. (14) £27 lOs. 

(16) £7 7s. 1\d. (16) lOm gallons. 

(17) 6191 cub. in. (18) 32^ cub. m. 
(19) 1801 cub. ft (20) 1693J? cub. in. 
(21) 99i^ cub, ft, OP 99 cub. ft. 906J cub. in. 

XXin. THE WEDGE. 

(1) 360 cub. in. (2) * cub. ft. 288 cub. in. 

(3) 6 cub. ft. 432 cub. in. (4) 1 cub. ft. 312 cub. in. 

(6) 2 cub. ft, 324 cub. in. (6) 10 in. 

7) 2 cub. ft. 1162 cub. in. (8) 178-6 cub ft. 

(9) 16 cub. ft. 676 cub. in. (10) 1 cub. ft. 432 cub. m. 
'^ 1 ) 60 sq. ft. 108 sq. in. 
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XXIV. THE PRISMOID. 

(1) 11 cub. ft. 692 cub. in. (2) 95872 cub. ft. 
(3) 5568 cub. ft. (4) 312320 cub. ft. 

(5) 67§ cub. ft., or 67 cub. ft. 960 cub. in. 

(6) 34266| cub. ft. (7) 188760 cub. ft. 
(8) £842 4«. 6^. (9) 630000 cub. ft. 

(10) 820512 cub. ft. 

XXV. THE SPHERE. 

(1) 14371 cub. in. 

(2) 22}J cub. ft., or 22 cub. ft. 792 cub. in. 

(3) 103§|| cub. ft., or 103 cub. ft. 1682| cub. in. 

(4) 606| cub. ft., or 606 cub. ft. 648 cub. in. 

(5) 2807jJi c^^* ^M 0' 2807 cub. ft. 504 cub. in. 

(6) 1663-893 cub. ft. (7) 38808 cub. ft. 

(8) 310464 cub. ft. (9) 2 sq. ft. 26f sq. in. 

(10) 9 sq. ft. 90 sq. in. (11) 17 sq. ft. 16 sq. in. 

(12) 164 sq. ft. (13) 66-44 sq. ft. 

(14) 346-6 sq. ft (15) 255|f cub. in. 

(16) 286|1 cub. in. (17) 2*644 cub. ft. 

(18) 1019i cub. in. (19) 6 ft. 3 in. 

(20) 7 ft. (21) 12 ft 6 in. 

(22) 4-2 yds. (23) 1 ft. 2 in. 

(24> 3 ft. 6 in. (26) 11 ft. 8 in. 

(26) 56 ft (27) 66ji cub. in. 

(28) 8^ gallons. (29) 18 lbs. 6ft oB. 

(30) 7 in. (31) 2906ft cub. in. 

(32) 136f sq. ft. (33) 693 sq. ft. 

(34) 6*46 in. (36) 61| lbs. 

(36) £95 14«. + £5 10«.»£1014«. (37) 54|J lbs. 
(38) 5|f|lb8. (39) 163|lbs. 

(40) 75f sq. ft. (41) 549 lbs. 

(42) 9-506 in. (43) 14 in. 

(44) 29 lbs. llj oz. (46) 20||f gallons ; £7 lis, 

(46) 10-026 in. (47) 4J in. 

(48) 2 ft. 6 in. (49) 760^ bullets. 

(60) lOlSf sq. in. (51) 11*81 in. 

(62) 1018| cwts., or 114048 lbs. 

(63) 10*095 in. by Note 7, b ; and 10*094 by Note 7, a. 
(54) 10^ inches. 
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XXVI. THE SEGMENT OF A SPHERE. 

(1) 662ft cub. ft. 

(2) 117661} cub. in., or 6 cub. ft. 1398f cub. in. 

(3) 64476^ cub. ft. 

(4) 3486|f cub. in., or 2 cub. ft. 30^ cub. in. 

(5) 330 sq. ft. (6) 20||f pints. 

(7) 18^ gallons. 

(8) 1571f sq. in., or 10 sq. fL 131f sq. in. 

(9) 30-4 + lbs. 

XXVII. THE ZONE OF A SPHERE. 

(1) 241 3f cub. in., or 1 cub. ft. 685f cub. in. 

(2) 485$ cub. ft. (3) 234| cub. ft. 
(4) 466771 sq. in., or 324 sq. ft. 21f sq. in. 

(6) 4798ft cub. in., or 2 cub. ft. 1342ft cub. in. 
(6) leffHJ gallons. 

XXVm. THE CIRCULAR RING. 

(1) 333JI cub. in. (a) 177|| cub. in. (3) 1265I5 cub. in. 

(4) 170011 oz., or 106 lbs. 4J| oz. (5) £2 U, llg 

(6) 998501g oz., or 27 tons 17 cwts. 22 lbs. 5|g oz. 



XXIX. IRREGULAR SOLIDS. 

(1) 5 cub. ft. 432 cub. in. (2) 231 cub. in. 

(3) 8 cub. ft. 676 cub. in. (4) 627ft cub. in. 

(6) 976|f cub. in. (6) 4J cub. ft. 

(7) 1200 cub. in. (8) 300 cub. in. 
(9) 16JJ cub. ft., or 15 cub. ft. 1175^ cub. in. 

(10) 28^ cub. ft., or 28 cub. ft. 1161^ cub. in. 

(11) 252 cub. ft. (approximately). 
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Thb following vjlyovraslb Rbyibws or thb Wobx hatb utbabbd : — 

1. From the ^London Review,^ 

' These Exercises have been arranged specially for the use 
of Candidates for the Oxford and Cambridge Local Examina- 
tions. The Rev. Mr. Hiley, a practical teacher, has embodied 
in his work nearly every question which has appeared in the 
liocal Examination Papers, and furnished the Answers in an 
appendix. Such a work will be of value to a candidate as a 
test of his ability to work the arithmetical problems he is 
likely to have given him to solve in his examination ; but 
-when it is used simply as a means of cramming the pupil it 
becomes pernicious. We notice Mr. Hiley has carefully ar- 
ranged the questions under the rules to which they respec- 
tively belong, and in his preface he very properly assigns the 
exact place his work should occupy, viz. as a test of the real 
knowledge of a pupil or class after they have gone through 
any ride in arithmetic. These exercises embrace all the 
principal rules from Notation to Fellowship and Stocks, in- 
cluding Fractions and Decimals.* 

2. From the ^Athencsum? 

* We have made the Author review himself (in the Title- 
page and Preface) : we believe that he has done it fairly. 
We see a Bill of Exchange with the Acceptor's name printed 
across it. The student will, we hope, ask what this means 
and will be properly told ; so that when he comes to hear, as 
others have done, " Just write your name across here, it's a 
mere form," he will know that it is what, as occasion arises, 
takes the form of Whitecross Street or the Bankruptcy Cour"^ 
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3. From the ^John BulV 

* These Recapitulatory Examples Tvdll be found useful fo 
boys preparing for the Oxford and Cambridge Local Exami 
nations, and the questions are so formed as to compel though 
and test real knowledge.' 

4. From the ^Midland Counties Herald,^ 

* Nearly all the questions proposed by the Oxford am 
Cambridge Local Examiners are here collected and arranges 
under their proper rules. They are, moreover, presented ii 
every variety of form in order to exercise the thought an< 
ingenuity of the learner. We recommend intending futun 
candidates to obtain Mr. Hiley's publication and to carefuUj 
work out the examples. It will also be found useful by al 
students of arithmetic as a means of testing their knowledgi 
of the rules they have previously gone through.' 

5. From the * Yorkshire Post.^ 

* The Rev. Alfred Hiley, M.A. Mathematical Master at th< 
well-known Thorp- Arch School in this county, has just issued 
through Messrs. Longmans and Co. a small but very usefu 
arithmetical work.' 

6. From the ^ Leeds Times, ^ 

*An arithmetical work, by the Rev. Alfred Hiley, M.A; 
of Thorp- Arch School, has just been published by Longman^ 
and Co. which is likely to be extremely popular. It is not 
one of those educational express trains which are daily puffed, 
and said to possess the speculative merit of hastily changing 
ignorance into wisdom, and stupidity into brilliance. It is a 
very different book to that. As a test of acquired knowledge of 
arithmetic it will be admirably useful. We do not see why 
this book should not be used in all schools as a test of 
arithmetical advancement.' 

7. From the ^English Churchman.^ 

'The Rev. Alfred Hiley has drawn up a small volume 
entitled -''Recapitulatory Examples in Arithmetic" (Longmans 
and Co.), which, designed for Candidates for the Oxford and 
Cambridge Local Examinations, will be found very useful to 
all Schoolmasters. Possessing it, they will possess a valuable 
repertory of questions available at a moment's notice for 
testing progress and putting together Examination Papers.' 

Thobp-Abch School^ Yorkshibs : 
June 16, 1871. 



STEVENS AND HOLE'S SCHOOL 
SERIES, NEW CODE 1871. 

Works by Messrs. Combes, Stevens, and Hole. 
THE READY WRITER : a Course of Eighteen Graduated 

Narrative Ctopy-Books, in oblong 4to. price Tebbbfekob encli, designed to 
meet as fur as possible the Writing requirements of the several Standards 
of the B«yised Code, and generally to lead to Good and Correct Writing. 

An Edition, printed in PxKOiL-Iirx, of *The Beady Writer' Books I. to Tin. 
marked Books A to H, may also be hod, prioe TBAKBPaNOs each Book. 

THE COMPLETE WRITER : a Course of careiully Gra- 
duated Narrative Oopy-Books, designed to lead to Good and Correct Writing. 
Por Upper and Middle-Claas Schools. Complete in Sixtbsv Books, oblong 
4to. prioe 48, M, per dozen to Teachers. 

Works by Messrs. Combes and Hines. 
THE STANDARD ARITHMETICAL COPY-BOOKS, 

intended as a Finishing Course of Arithmetic in the seveM Standards of the 
Revised Code, calculated to ensure Good Figures, Oondse Methods, and 
Correct B>esults. Oblong 4to. in Niini Books, price Sixfbncb each. 

THE COMPLETE ARITHMETICAL COPY-BOOKS, 




price 4f . ed, per dozen to Teachers. 

^HE COMPLETE CIPHERING BOOK for Home 

Tuition and Private Schools, being the Nine Complete Arithmetical Copy- 
Books bound in One Volume,— may also be had, prioe 69. 64. cloth ; or m 
Thxeb Fabts, price 2f . 6d. eadu , 

THE STANDARD GRAMMATICAL SPELLING-BOOK, 

price l8.M, Or in Four Pftrts, price Sixpbncb each. 

SCRIPTURE FACTS CHRONOLOGICALLY AR- 
RANGED, in Plain and Concise Lessons, with References and Questions for 
Self-instruction ; forming a complete Abstract of the Old and New Testa- 
ments. 18mo. price U, 4a. or in Two Farts, Old Tettameni Facts and New, 
' price 9<2. each. 

Works by Messrs.. Combes and Hines (not included in the 

above Series.) 
ARITHMETIC STEP BY STEP. Part I. the Six Stand- 

ards of Arithmetic, according to the Revised Code, price M. sewed, or 
Od. cloth : Past II. for Pupil-Teachers and the Higher Classes in Schools, 
price ed. sewed, or 9d, cloth. Complete in 1 vol. 12mo. price U. ^ cloth. 

THE COMPANION EXERCISE BOOK to ARITH- 

HETIC STEP BY STEP. An oblong 4toi Copy-Book, ruled in fUntly- 
marked Squares, for Arranging and Entering Sums after the manner of the 
Exantples m the Arithmetical Oopy-Books, pnoe 4s. 9d. per dozen to Teachers. 

IMPROVED SCHOOL REGISTERS; comprising Class 

Registers for Forty or Sixty Names, either for Nine or Twelve Weeks, both 
in 4to. and folio, price 2s. each ; a Ree^ster of Admissions and Withdrawals, 
in folio, price 6s. ; ». BflgUter of 8<Aq o1 Fees, in fblio , price 2s. ; the Teacher's 
Examination 8ch^^^^^^^^^^^^""'*""**W Teacher's Log-Book, 
or Diftry of School ^Begiaters. 




London : iJ xioster Row. 



